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Abstract: We consider four dimensional CHL models with sixteen spacetime supersym¬ 
metries obtained from or bifolds of type IIA superstring on K3 x by a Zjy symmetry acting 
(possibly) non-geometrically on K3. We show that most of these models (in particular, for 
geometric symmetries) are self-dual under a weak-strong duality acting on the heterotic 
axio-dilaton modulus S' by a “Fricke involution” S —>■ —1/AS. This is a novel symmetry 
of CHL models that lies outside of the standard SL(2, Z)-symmetry of the parent theory, 
heterotic strings on T®. For self-dual models this implies that the lattice of purely electric 
charges is A-modular, i.e. isometric to its dual up to a rescaling of its quadratic form by 
A. We verify this prediction by determining the lattices of electric and magnetic charges 
in all relevant examples. We also calculate certain BPS-saturated couplings and verify that 
they are invariant under the Fricke S-duality. For CHL models that are not self-dual, the 
strong coupling limit is dual to type HA compactified on T^/Z^v, for some ZAr-symmetry 
preserving half of the spacetime supersymmetries. 
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1 Introduction and Summary 

CHL models are orbifolds of heterotic string theory on T® preserving J\f = A snpersymmetry, 
or, eqnivalently, of type II string theory on K?> x [1~4]. These models have been a 
remarkable arena for testing string dnalities and analyzing black hole microstates (see [5- 
24] for a sample of references). In the non-orbifold case the M = A theory has dnality 
gronp 5L(2,Z) x 50(6, 22; Z), where the hrst factor is the S-dnality gronp which acts as 
a strong-weak dnality on the conpling 5, while the second factor is the T-dnality gronp. 
When orbifolding this theory by an antomorphism of order N the S-dnality gronp is broken 
to ri(iV) C 5L(2,Z). 

In this paper we show that the symmetry gronp of CHL models is in fact larger: 
generically there is an additional strong-weak dnality transformation 5 —?• — 1/ {NS) which 
has so far gone nnobserved in the literatnre. We call this new transformation Fricke S- 
duality^. This is a genninely new dnality of CHL models which lies outside of the 5L(2, Z)- 
symmetry of the original theory. Onr analysis is very general and inclndes in particnlar 
orbifolds by non-geometric symmetries of the target space. We show that Fricke S-dnality 
has novel and highly non-trivial implications for type H-heterotic dnality and electric- 
magnetic dnality. We also verify that the connting of 1/2 BPS-states is invariant nnder 
Fricke S-dnality. In the following introdnction we shall give an overview of onr main resnlts 
and explain in some detail their connection with black hole microstate connting and Mathien 
moonshine. 

1.1 Fricke S-duality 

Consider heterotic string theory on T® and decompose the torns according to T® = x 
5^ X 5^. We want to take the orbifold of this by a cyclic gronp G of symmetries that preserve 
all the spacetime snpersymmetries. This implies, in particnlar, that G mnst act trivially on 
the left-moving (snpersymmetric) sector. From the type HA perspective, the target space is 
iL3 X 5^ X 5^ and the orbifold gronp mnst be a symmetry of the M = (4,4) snperconformal 
sigma model C on iL3. All snch symmetries were classihed in [25] and shown to correspond 
to elements of the Conway gronp Goq. The gronp G acts by an antomorphism g G 
of order N on the iL3-sigma model and by a shift on the circle 5^. 

Consider the limit where the heterotic axio-dilaton 5het is large (i.e. Im5het oo) 
so that the theory is weakly conpled. On the HA side, this means that the radii of the 
circles 5^ x 5^ are large (bnt their ratio is hxed) since string-string dnality interchanges 
5het with the type HA Kahler modnlns Tha- In this limit, the HA theory decompactihes 
to a six dimensional theory, with the internal snperconformal theory being the K3 sigma 

^In mathematics, a Fricke involution is a PSL{2, R) fractional linear transformation acting on the upper 
half-plane by r —>■ —1/Nt. 


- 2 - 




Case 1 (self-dual) 



'S'het ^ Til A 

< -► 



K3 X 

Zn 


X 



Fricke 

S-duality 


-S'het ^ 


1 

iV^het 



Fricke 


T-duality 


Til A ^ 


1 

^Tua 


Figure 1. The web of dualities in the case when the CHL model is self-dual under Fricke S-duality. The 
strongly coupled limit is given by the same CHL model at a different point in the moduli space. 


model C. What is the strong-coupling limit of the theory? On the heterotic side this means 
Im5het 0 and it corresponds to the small-volume limit of the torus x 5^ in type IIA. 
For this reason it is natural to perform a double T-duality: first dualizing on to type 
IIB and then back to type IIA by T-dualizing on Let us call the dual torus S'^ x S'^. 
We show that this has the following effect on the Kahler modulus: 

Tiia ^ Tiia = -jyTiia' 

Notice the unusual factor of N in the denominator which is a consequence of the fact that 
we are T-dualizing on the ‘special circle’ 5^ upon which the orbifold group acts. The T- 
dual type IIA theory in the ImTjj^ —?■ oo limit is a six-dimensional theory described by a 
compactification JV = (4, 4) superconformal field theory C', which is simply the orbifold of 
C by g. For large but finite ImTjj^, the theory is an orbifold of type IIA on C' x S'^ x S'^ 
by a group G' acting by a shift along S'^ and by an automorphism of C' (the quantum 
symmetry). As discussed in [26], the theory C' can be either a non-linear sigma model on 
K3, or a sigma model on T'^. A similar construction was considered in [27], where it was 
used to provide a geometrical interpretation of Montonen-Olive duality for non simply-laced 
groups. 


- 3 - 










Consider the case when C' is a K3-signia model. We can then use string-string duality 
to map Tiia to ^het and the map (1.1) becomes 


Shet 


1 

iV^het' 


( 1 . 2 ) 


We call this transformation a Fricke S-duality. It relates the strongly coupled limit of 
a heterotic CHL model to the weakly coupled limit of another CHL model. The most 
interesting situation is when the dual models are just different points in the same connected 
component of the moduli space. In this case, we say that the CHL model is self-dual. 
We also show that the symmetry under Fricke S-duality extends to the full Atkin-Lehner 
subgroup of 5^(2, M). See Figure 1 for a pictorial overview of the web of dualities; the non 
self-dual case is depicted in Figure 2. 

This new type of S-duality yields non-trivial predictions for heterotic-type II duality. 
Let A = Ae © Am be the electric-magnetic charge lattice of a self-dual CHL model. In 
the non-orbifold case, these are simply the Narain lattices of the compactification: Ae = 
Am — F®’^^ but in general they will be sublattices. Now, although Fricke S-duality relates 
two CHL models at different points in the moduli space, the associated lattices are moduli- 
independent and must therefore be isomorphic. For this to hold the lattices must be A^- 
modular, i.e. satisfy 


Ae-A:(l/iV), 

Am = A:;,(Ar). (1.3) 

Here, A* and A’!^ denote the dual lattices and the parentheses (n) indicates that the 
quadratic form of the lattice is rescaled by n. This is a very non-trivial prediction of 
Fricke S-duality that we verify explicitly by computing the charge lattices for several CHL 
models. 

A particular class of CHL models can be defined by considering a symmetry g of the 
K3 sigma model induced a symplectic automorphism of the K3 target space. It can be 
verified that all such ‘geometric’ CHL models are self-dual. In these cases, A^-modularity of 
the electric-magnetic charge lattice immediately translates into the ^modularity of the g- 
invariant sublattice {H*{K3,Z)y of the (even) integral homology of the K3 surface. While 
these sublattices have been studied in the mathematical literature [28], their modularity 
properties have never been noticed before (to the best of our knowledge). It natural to won¬ 
der whether this observation admits a purely geometric interpretation, besides the present 
string theoretical analysis. 

The third case occurs when the orbifold non-linear sigma model C', obtained after 
the double T-duality, is a torus model. In this case, the six dimensional type HA theory 
compactified on C' has no heterotic dual. Thus, the standard heterotic-type HA duality 
does not hold and the above argument cannot be used to give a weak-coupling description 
of the CHL model. However, there exists another theory which is dual to type HA on 
{C X X S'^)/G' under the interchange of the Kahler and axio-dilaton moduli: this is 
again an orbifold of type HA on x x S^, where the orbifold symmetry acts by a shift 
on and only on the right-moving oscillators of the sigma model. Thus, this breaks all 
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Case 2 (non-self-dual) 
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Figure 2. The web of dualities in the case when the Fricke S-duality maps from a strongly coupled 
heterotic CHL model to the weakly coupled limit of a different model, i.e. a different connected component 
in the moduli space of A/” = 4 theories. 


spacetime supersymmetries in the right-moving sector of the type IIA superstring. Following 
[29] we call this a theory of (4,0)-type. This should be contrasted with the previous case 
where the orbifold breaks half of the supersymmetries in both the right- and left-moving 
sector, giving rise to theories of (2,2)-type. 

To summarise, in the first case the heterotic description of the CHL model is self¬ 
dual under the Fricke S-duality, while the corresponding type IIA description is self-dual 
under Fricke T-duality (see Figure 1), i.e. relates different points in the same connected 
component of the moduli space. In the second and third case we have webs of dualities with 
4 corners. In case 2, Fricke S-duality maps a strongly coupled CHL model to the weakly 
coupled limit of a different CHL model (see Figure 2), i.e. relates two different components 
of the moduli space. In case 3, on the other hand, the weakly coupled description of the 
heterotic CHL model is instead given in terms of a genuinely different theory, namely a 
type HA torus orbifold of (4,0)-type (see Figure 3). 

Inequivalent CHL models can be characterised via the eigenvalues of g G in 

the defining 24-dimensional representation. This fact allows to characterise the order N 
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Case 3 (non-self-dual) 
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Figure 3. The web of dualities in the case when the CHL model is not self-dual under Fricke S-duality, but 
maps from a strongly coupled heterotic theory to a genuinely different, weakly coupled type IIA theory. Note 
in particular that the weakly coupled theory in the lower left corner is of (4,0)-type (i.e. all supersymmetries 
in the right-moving sector are broken) while the type IIA theory on the right hand side is of (2,2)-type. 

orbifold element g in terms of its generalised Frame shape 

a|A 

where m{a) are integers such that m{a) a = 24. For example, the identity element e is 
represented by the Frame shape corresponding to a product of 24 identity permutations. 
The three different cases for the Fricke S-duality are easily distinguished by the Frame shape 
of g. For example, the Witten index of the non-linear sigma model C' (or equivalently, the 
Euler characteristic of its target space) is given by: 

JS ='^^m{N/a)a. (1.5) 

a|lV 

This reveals, in particular, that whenever the Frame shape is balaneed, i.e. such that 

m{N/a) = m(a), (1.6) 

then C is a K3-sigma model. This corresponds to the self-dual case, displayed in Figure 
1. It turns out that it is also possible to have = 24 even when the Frame shape is not 
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balanced; this gives rise to case 2 (Figure 2). The third case then corresponds to 1^' = 0 


and yields the duality web in Figure 3. 

1.2 Black hole microstate counting 

The counting of BPS-states in CHL models have lead to deep insights into the quantum 
properties of certain black holes. In this paper we shall focus on 1/2 BPS-states which in 
the heterotic picture correspond to Dabholkar-Harvey states [30], i.e. with zero excitations 
in the right-moving sector but arbitrary excitations in the left-moving sector. In the type 
IIA picture these are electrically charged black holes with zero classical entropy (so called 
‘small black holes’). In the non-orbifold situation the degeneracy 0(Q) of 1/2 BPS-states 
with electric charge vector Q G P^’^s g^j.g famously counted by the Fourier coefficients of the 
discriminant function 



(1.7) 


via the relation: 


m) = c{qV‘^), 


( 1 . 8 ) 


where is the ^©(G, 22; Z)-invariant inner product on More generally, the 1/2 

BPS-states in CHL models associated with orbifolds of some symmetry g are captured by 
the fourth helicity supertrace [31] 



(1.9) 


where J 3 is the third component of the massive little group in 4 dimensions. This can 


be viewed as a generating function of the 1/2-BPS index. Consider now the CHL model 
obtained by orbifolding type HA string theory on iL3 x x by an order N symmetry 
g with Frame shape (1.4) and let (T, U) be the Kahler and complex structure moduli of 
the torus T'^ = x S^. We show that the fourth helicity supertrace of this CHL model is 
given by 



where 0 p 2,2 is the standard Narain theta function of the lattice. It is then interesting to 
ask about the role of Fricke S-duality for the counting of BPS-states. We expect that there 
should exist 1/2 BPS-saturated couplings in the theory which are invariant under the Fricke 
action (1.2). To this end, notice that for the unorbifolded theory, there is an i?^-correction 


to the Einstein-Hilbert action with coupling determined by the one-loop topological 
amplitude [32]: 



( 1 . 11 ) 


via the relation 



( 1 . 12 ) 


where Fi depends on both (T, U) while /^2 is [/-independent. Performing the (renormal¬ 
ized) integral, one obtains the well-known result [32] 


fn^iT) = -log(T|Xr)|") + const. 


7 - 


(1.13) 




Notice that the same discriminant function now appears in a spacetime context, with argu¬ 
ment given by the Kahler modulus T of the spacetime torus, rather than the world sheet 
parameter r [5-7, 33]. We generalise this analysis to all CHL models by calculating the 
topological one-loop amplitude in the orbifold theory 

^CHL[g] ^ 2 /■ (1.14) 

3 JsL(2,'&)\m 

We then obtain the following result for the threshold coupling of the CHL model: 

= _ log(rf + const, (1.15) 

where pg is the eta-product associated with the Frame shape (1.4): 

a|Ar 

The result (1.15) generalises earlier analyses in [7, 34]; for example, for the frame shapes 
124 , 4828,212 ]^- 82 i 6 formula reproduces the four lines of eq. 3.9 in [7]. Thus, the 

Fourier coefficients 

capture the 1/2 BPS-degeneracies in the CHL model: 

H^™(Q) = c,(QV 2 ), (1.18) 

generalising the result (1.8). We show that the coupling is invariant under the 

Fricke T-duality T —)• —1/[NT) provided that the Frame shape is balanced. Implementing 
string-string duality T S we find that in this case the coupling is indeed invariant under 
Fricke S-duality S —)■ —1/{NS). 

1.3 Connection with moonshine 

Monstrous moonshine relates representations of the monster group M with modular forms, 
Borcherds-Kac-Moody algebras and conformal field theory. To each element g' G M one 
associates a modular form Tg^r) (McKay-Thompson series), whose Fourier coefficients are 
characters of the monster group. The basic conjecture of Conway-Norton, later proven by 
Borcherds, was that the McKay-Thompson series Tg(T) should be invariant under a certain 
genus zero subgroup F^ C SL{2, M). For some elements g, the invariance group F^ contains 
a Fricke involution r —)• —1 /(A^t), analogously to our Fricke S-duality (1.2). 

The relation with moonshine goes in fact much deeper than this simple analogy. In re¬ 
cent years a new moonshine phenomenon has been discovered, dubbed Mathieu moonshine, 
which relates the representation theory of the Mathieu group M 24 with weak Jacobi forms 
and superstring theory on iL3-surfaces [18, 22, 35-53]. The role of the McKay-Thompson 
series is here played by the so called twining genera (j)g{T,z), which are weak Jacobi forms 
with respect to subgroups of S'L(2,Z). In our previous work [53] (generalising the earlier 
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results [18, 54]), we defined a class of infinite-products, labelled by commuting pairs g, h of 
elements in M 24 : 


M-l 


^g,h{cf,T,z) :=pqNy c'm" (P19) 

(d,m,£)>0 i=0 


where the first product runs over 


d,m £ Z>o and 


£gZ, £< 0 , if m = 0 = d , 
^ G Z, otherwise. 


( 1 . 20 ) 


We proved that the functions <l>g/ j(ct, r, z) are Siegel modular forms with respect to certain 
discrete subgroups F^j^C Sp{4;'S.). The automorphic properties of d>g^/i(cT, r, z) imply, i 
particular, that they satisfy the relation: 


m 


^g,h{o-,T,z) = —,iVa,z) , 


( 1 . 21 ) 


where we note that h and h' may not be in the same conjugacy class of M 24 . For the case 
{g, h) = (e, e) one obtains the famous Igusa cusp form <l>io, whose inverse is the generating 
function of 1/4 BPS-states in AA = 4 string theory. In this case, (1.21) reduces to ordinary 
electric-magnetic duality. It was conjectured in [53] that similarly count twisted dyons 
in the CHL model obtained through orbifolding by g. We therefore conclude that whenever 
these functions have a physical interpretation, the associated CHL model should exhibit a 
generalization of electric-magnetic dual which acts on the vector of electric-magnetic charges 
{Q,P) in the following way: 




( 1 . 22 ) 


This electric-magnetic duality precisely corresponds to the ^modularity of the associated 
charge lattices. Thus, the results of the present paper show that this modular property is 
a consequence of the fact that CHL models satisfy Fricke S-duality. 


1.4 Outline 

In section 2 we introduce the CHL models that we shall analyse in the paper and we discuss 
them from the point of view of heterotic-type H duality. We also prove consistency of a 
non-geometric CHL models and present a partial classification. In section 3 we then prove 
that these CHL models are invariant under Fricke S-duality and analyse the implications 
for heterotic-type H duality. We also show that the Fricke S-duality in fact generalise 
to the full Atkin-Lehner involutions. In section 4 we perform a detailed analysis of the 
electric-magnetic charge lattices for certain CHL models and verify that they satisfy the 
N-modularity conditions that follow from Fricke S-duality. In section 5 we calculate the 1/2 
BPS-indices (i.e. the fourth helicity supertraces) for both the type HA and the heterotic 
CHL models. In the type HA picture we integrate this index against the fundamental 
domain of the modular group to obtain the one-loop topological string amplitude, from 
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which we can extract the 1/2 BPS-saturated i2^-couphng and verify that this is invariant 
under Fricke S-duality, precisely when the CHL model is self-dual. In section 6 we present 
some conclusions and suggestions for future work. Some technical details are relegated to the 
appendix. In appendix A we generalise our analysis to non-geometric CHL models where 
the level-matching condition does not hold. We verify that all of our results concerning 
Fricke S-duality and N-modularity also hold in this more general setting. In appendix B we 
discuss Fricke T-duality in heterotic CHL models, and, hnally, in appendix C we provide 
tables listing the symmetries and various charge lattices in the CHL models we study. 

2 Non-geometric CHL models 

In this section we introduce the CHL models we will study in this paper. To this end 
we begin by recalling some standard facts about heterotic-type H dualities, after which 
we present the (non-geometric) CHL models and demonstrate their consistency. We also 
provide a partial classihcation of all such models. 

2.1 Heterotic-type II duality 

Let us hrst recall some basic properties of compactihcation of heterotic string on T®. The 
moduli space of such compactihcation is 

0(6,22,Z)\0(6,22)/(0(6) x 0(22)) x 5L(2, Z)\SL(2, M)/C(l) . (2.1) 

The hrst factor is the Narain moduli space, parametrizing the metric and B-held of the 
torus T® as well as the Wilson lines along the internal directions, while 5L(2,M)/[/(l) 
factor represent the heterotic axio-dilaton modulus S'het- The discrete groups 0(6, 22, Z) 
and SL{2, Z) are the T-duality and S-duality groups, respectively. The low energy effective 
theory is a four dimensional N = A supergravity theory with gauge group t/(l)^®. The 
lattices Ag and Am of electric and magnetic charges are both isomorphic to F®’^^, the 
unique even unimodular lattice of signature (6, 22) 

Ae ^ Am = r®’22 . (2.2) 

The lattice Ag of electric charges is identihed with the Narain lattice along the inter¬ 
nal directions, and the T-duality group is the group of automorphisms of such a lattice 
0(6,22, Z) = 0(r®’^^). Under the action of the S-duality group, a vector of electric- 
magnetic charges (^) G Ae © Am transforms in the fundamental representation. 

The heterotic model has a dual description as a type HA compactihcation on iL3 x T^. 
Under this duality, the type HA moduli 5nA) Tua, Uua, representing, respectively, the axio- 
dilaton and the Kahler and complex structure of T^, are identihed with the corresponding 
heterotic moduli as follows 

•Shet Tiia, Thet -G)- SjiA, Uhet GA Uua, (2-3) 

where S'het is the heterotic axio-dilaton and Thet Uhet the complex structure and Kahler 
modulus of a two dimensional torus C T® in the heterotic description. The heterotic 
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S-duality group S'L(2,Z) is identified in the type IIA picture with S'L(2, which is 

part of the T-duality group 0(2, 2, Z) = SL{2, ^Jtua ^ <5^(2, Z)[/jj^ along T^. The choice of 
C T® in the heterotic picture determines a splitting of the Narain lattice as 
The lattice corresponds in the type IIA picture to the lattice T^cs — of R-R 

charges of DO, D2, D4-branes wrapping cycles of the K3 surface. More geometrically, T/ca 
is the Mukai lattice of even integral cohomology of K3, endowed with the Mukai pairing. 


2.2 Generalities on CHL models 

In this paper, we discuss certain four dimensional CHL models with 16 supersymmetries. 
These models are obtained by orbifolding the heterotic string on x x (or, 

equivalently, of type IIA on K3 x x S^) by a cyclic group of symmetries preserving all 
space-time supersymmetries. 

We focus on cyclic groups generated by symmetries g of finite order N of the form 
g = (g,S). Here, g is an element of the T-duality group g G 0(6, 22, Z) that fixes a 
sublattice T^’^ of T®’^^ and preserves all space-time supersymmetries. The latter condition 
implies one has to restrict to the family of heterotic models in the moduli space such that 
g acts trivially on the left-moving (supersymmetric) sector; this family is non-empty if 
and only if g fixes pointwise a six dimensional positive definite subspace of T®’^^ © M. We 
also assume that g exists in some point in the moduli space where the gauge group is the 
generic 0(1)^®. In the heterotic picture, the g'-fixed T^’^ C Ag is the Narain lattice of a 
torus C T® and <5 G T^’^ © M is a (generalized) shift of finite order (modulo T^’^) along 
a circle 5^ C T^. 

In the type HA description, g is a symmetry of the non-linear sigma model on K3 that 
preserves the JV = (4,4) superconformal algebra and the spectral flow. The latter condition 
ensures that all space-time supersymmetries are preserved. All such symmetries g have 
been classified in [25]. They correspond to elements of 0(r^’^®) that fix a four-dimensional 
positive definite subspace of T^’^® © M. With each such symmetry one can associate an 
element in the Conway group Coq, the group of automorphisms of the Leech lattice, that 
fix a sublattice of rank (at least) four. The conjugacy class of this element is uniquely 
determined by the condition that it has the same eigenvalues as g in the 24-dimensional 
representation. 


Let us consider a heterotic CHL model given by the orbifold 


X 


X . 


(2.4) 


where Z^y is generated by a symmetry g = {g, (5) of order N, with g G 0(4, 20) C 0(6, 22) 
of order N satisfying the conditions above and S G T®’^^ © M a shift along the 5^ circle by 
1/A^ of a period. We always choose W to be a multiple of JV (see sections 2.3 and 2.4). 
The orbifold projection eliminates 20 — d 0(1) gauge fields from the untwisted sector and, 
because of the shift along the S^, the twisted sectors contain no massless states. Therefore, 
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the moduli space for this compactification is locally of the form 


0 (6, (i +2) ^^SU{2) 

0(6) X 0{d + 2) ^ 0(1) 


0 < d < 20 . 


(2.5) 


All such models admit three complex moduli S’het; ^het and C4iet) corresponding, respectively, 
to the axio-dilaton, and the Kahler and the complex structure of 5^ x S^. The duality 
group 50(2, Z) X 0(r®’^^) of the original (unorbifolded) toroidal theory is also broken to a 
subgroup. In particular, the SL{2, Z) S-duality factor is broken to 


ri(iV) :={(“^) e ,SL(2,Z) I o = l,c = 0 modiV}. (2.6) 


This is clear in the type IIB picture, where SL(2,Z) acts on the basis of the first homology 
group of the torus and ri(iV) is the subgroup that preserves the shift S along S^. 


The electric and magnetic charges of a dyonic state form a doublet of 8 + d dimensional 
vectors {Q,P). The standard Dirac-Zwanziger-Schwinger-Witten quantization condition 
implies that the electric and magnetic charges take values in dual lattices Q € and 
P £ Am of signature 6, 2 + d 

A, = A*m. (2.7) 


The lattices Ag and Am for a generic orbifold symmetry g are described in section 4. The 
T-duality group 0(r®’^^) is broken to the subgroup C{g) of elements commuting with 
9 = {^,9)- 

Under the action of ri(77) C 5L(2,Z), the electric and magnetic charges and the 
heterotic axio-dilaton transform as 


g^het + b (Q\^(d 

cShet + d ypy y-c a j ypj 


( 2 . 8 ) 


The full duality group of a CHL model is in general larger than the direct product ri(A^) x 
C{g). Indeed, suppose that, for some a coprime with Al, the symmetry g £ ©(Txa) C 
0 (r®’^ 2 ) and its power are conjugated 


g = hg'^h ^ , (2.9) 

for some h £ 0(r®’22) fixing 6. Then, {5,g) and {a6,g) give rise to the same CHL model, 
since the orbifold group {{6,g)) = ((od, 5 “)) and the group {{a5,g)) are related by conju¬ 
gation within 0(r®’22). Thus, the duality group ri(A') x 0(Ae) can be extended by an 
element 

((“^),d)E5L(2,Z)xO(r6’22) , (2.10) 

where c = 0 mod N. 

All pairs {g,6) are classified, up to conjugation within 0 (r®’ 22 j section 2.4. Each 
inequivalent CHL model can be characterised by the eigenvalues of 5 E 0(r^’2^) in the 
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defining 24-dimensional representation. As every g acts rationally in such a representation, 
its characteristic polynomial has the form 

Xg{t) ■■= det24(t - 5) = ’ (2.11) 

a|Af 

where N is the order of g and m{a) G Z are integers such that 

^am(a) = 24. (2.12) 

a|7V 

When all m{a) are non-negative, then g acts by a permutation (in a suitable basis) with 
cycle shape 

(2.13) 

a|Ar 

It is useful to adopt the same formal product (2.13) also when some of the m(a) are negative; 
this symbol is known as (generalized) Frame shape of g. 


2.3 Consistency and level matching 

In order for the model to be consistent, the level matching condition has to be satisfied, 
namely the eigenvalues of Lq — Lq in each ^^-twisted sector should take values in TLjNTL^ 
where N is the order of the symmetry. For g = {g,6), with g G 0(r®’^^) of order N and 
6 G F®’^^ (g) M fixed by g, this means 

AEg + Y ^ ’ (2-14) 

where AEg := Eg^i — Eg^n is the level mismatch for the ^r-twisted ground state in the 
heterotic model and N is the least common multiple of the orders of g and 5. In general. 


^Eg = ^ mod ^Z , (2.15) 

where A is a divisor of N and Eg G Z/AZ is coprime to A. If g has Frame shape OalAf 
then the corresponding level mismatch AEg for heterotic strings on T® is easily computed 
to be 


AEg = = -- m{a){a -) = — 

9 MX ‘)A ^ a ^4 


a|Af 


24 ^ 

a|7V 


mia) 1 /AT/ N 1 

-= —TTT > miJX/aja mod — . 

a 2AN > N 


(2.16) 

In the type IIA picture, g is interpreted as a symmetry of the corresponding non-linear 
sigma model on K3. In appendix A.4 we will show that string-string duality implies that 
the level mismatch AEg in the type IIA frame satisfies 


ae; . A (2.17) 

where A is the same as in the heterotic frame and Eg G Z/AZ is coprime relative to A (but 
not necessarily equal to Eg). 
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A standard construction of the CHL model consists in choosing 5 of the same order N 
as g (that is G so that N = Ai [4], With this choice, the level matching condition 

(2.14) requires ^ mod so that 6 can be a null vector only when A = 1. In 

this paper, we choose 5 to have order NX, so that the order of {g, 6) is 


N = NX. (2.18) 

In this case, (2.14) requires <5^ = 0 mod Since the action of the shift symmetry on the 

original (unorbifolded) theory is only defined by 6 modulo vectors in we can choose S 

to be null. The two constructions (<5 of order A^ or <5 of order NX) are physically equivalent, 
in the sense that they lead to the same CHL model at different points in the moduli space. 
However, the second choice has the advantage that a null <5 admits a geometric interpretation 
as a shift along one of the circles of both in the type HA and the heterotic frame. 

2.4 Classification 

We are considering four dimensional CHL models obtained by orbifolding symmetry g = 
{6,g) where g G 0 (r®’^^) fixes a sublattice r^i ©Lgi — and JgLsi^M has finite order 
modulo r^i. Each CHL model can be labeled by the corresponding pair {6,g). However, 
this labelling is highly redundant, in the sense that there are infinitely many pairs (5, g) 
leading to the same CHL model, i.e. to the same connected component in the moduli space. 
A first step toward reducing this redundancy is to choose <5 G L®’^^ to have order N = NX', 
different choices for the order lead to the same set of CHL models. As discussed in section 
2.2, with this choice, the level-matching condition (2.14) implies that 5^ G iZ and, upon 
shifting d by vectors in we can assume that 5“^ = 0 . 

Whenever two pairs g = {6, g) and g' = [6', g') are related by a 0(r®’^^) transformation, 
the corresponding CHL models belong to same component of the moduli space. An obvious 
necessary condition for g = (5, g) and g' = {6', g') to be conjugated is that 8 and 8' have the 
same order N = N' and norm 8“^ = {8')“^. Furthermore, up to a replacement of g by g°‘, for 
some a coprime to N, we can assume that 8 and 8' are 1/N fractions of some primitive null 
vectors u,u' G It is well known that there is always a 0(r®’^^) transformation that 

relates such u, u' and therefore <5 and 8'. Thus, without loss of generality, if 8 and 8' have the 
same order, we can assume that 8 = 8'. It remains to classify all possible choices of g and 
g' up to conjugation within the subgroup of 0(r®’^^) stabilizing 8 = 8'. Since 8 G T^i ©M, 
the stabilizer of 8 contains in particular 0(r®’^^), where T®’^^ is the orthogonal complement 
of r^i in r®’22. 

We also assumed that both g and g' fix some sublattice of isomorphic to T^’^. 
Thus, both g and g' can be interpreted as symmetries of some non-linear sigma model on 
K3 and, in particular, as elements of ©(T^a), with T^a — T^’^®. As explained in [25], each 
symmetry 5 of a K3 model is associated with an element (that, with abuse of language, 
we still denote by g) in the Conway group Coq, the group of automorphisms of the Leech 
lattice A, fixing a sublattice of rank at least four. Let A^ (respectively, T^^g) be the ^r-fixed 
sublattice within the Leech lattice A (resp., within T^s) and Ag = (A®)-*- n A (respectively, 
Tics ,3 = (rf^ 3 )"*' n r^s) its orthogonal complement. Then, the isomorphism class of the 
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sublattice h.g = T depends only on the conjugacy class of g in Coq [25]. Notice that 
two sublattices Ag and Ag/ of rank at least 4, corresponding to two different Coq classes 
are not isomorphic. It follows that two symmetries g,g' G associated with distinct 

Coq classes cannot be related by a conjugation. 

On the other hand, consider two symmetries g, g' associated with the same conjugacy 
class in Coq and fixing a sublattice of rank at least four in A. These symmetries act on 
the same way on isomorphic abstract lattices Ag = Agi. Now, Ag can always be primitively 
embedded in This means that Ag can be primitively embedded in T^’^^ = 

T^’^ © T/^s, in such a way that its orthogonal complement contains T^’^. By theorem 1.14.2 
of [55], it follows that such a primitive embedding is unique up to conjugation in 
We conclude that g and g' associated with the same Coq class are also related by a 
conjugation. Notice that this in not necessarily true if we restrict to conjugation within 
OiTKz) rather than it might happen that elements in different ©(Ti^-s) classes 

are associated with the same Coq class. 

To summarize, the distinct CHL models can be labeled simply by the Coq class associ¬ 
ated with g. Equivalently, they can be labeled by the Frame shape of g, since distinct Coq 
classes (at least the ones fixing a four dimensional sublattice of A) have different Frame 
shapes. The relevant Frame shapes are listed in tables 1, 2, 3 in appendix C. The Frame 
shape determines both N (the order of g) and N = NX (via (2.16)), and we take Al5 tohe 
any primitive null vector in T®’^^ fixed by g. In the following sections, we will see that this 
labelling is still, in some sense, redundant: there exist non-trivial dualities relating CHL 
models associated with different Frame shapes. 

3 Pricke S-duality and Al-modularity 

The equivalence between type IIA string theory compactified on {K3 x S'^)/Z^ x and 
heterotic string theory on (T^ x ) /Z^ x 5^ can be explained using the standard adiabatic 
argument of [56]. We will use this argument to discuss the strong coupling limit of the 
heterotic CHL model. This will lead us to discover new Fricke-type S- and T-dualities. In 
this section we derive these new dualities and analyse their implications for heterotic-type 
H duality and electric-magnetic duality. 

3.1 String-string duality and Pricke S-duality 

For definiteness, we restrict to a point in the moduli space where, in the type HA picture, 
the circles and are orthogonal and the B-field and Wilson lines along and 
vanish. We denote by R and R the radii of the circles in the type HA picture. In this 
section, we consider symmetries g = (d, g) where is a symmetry of order N of the internal 
K3 model such that the ^-twisted sectors satisfy the level-matching condition (i.e. A = 1 
in the language of the previous section), while the case A > 1 is left to appendix A. 2. 
Then, 6 is simply a shift of 2ttR/N along the circle 5^. Let us first take the weak coupling 
limit of heterotic string theory, with all the other moduli fixed. In the type HA picture 
this corresponds to the limit of large volume of x 5^, by the usual exchange of the 
axio-dilaton heterotic modulus with the type HA Kahler modulus. For very large R, R, 
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a local observer in the type IIA picture sees a six dimensional space-time. The orbifold 
construction implies that the winding w and momentum m around are quantized as 


w = 


nR 

W' 


^=R’ 


n,k € Tj . 


We label the states in this six-dimensional orbifold theory by 


(3.1) 


w = 


nR 

~W’ 



Xn,k) 


(3.2) 


where Xn,k denotes a state in the ^r’^-twisted sector of the internal K3 model C, with g- 
eigenvalue e n , As i? —)• oo, local excitations carry winding number w = 0 and the 
spectrum of momenta m approaches a continuum. Such excitations are associated with 
states xo,k of the untwisted sector of the internal K3 model with any possible ^-eigenvalue. 
Therefore, in the large R limit, the local physics is simply described by type IIA string theory 
compactified on the internal K3 model C. By string-string duality, the same physics can be 
equivalently described by heterotic string compactified on T^. The orbifold construction has 
a ‘global’ effect: as a local observer moves by 2ttR/N around the direction, the states get 
mapped into themselves up to a 5 transformation acting on the internal K3 model. More 
precisely, a shift by 2t:R/N multiplies the eigenstates of momentum m = k/R by e n . 
This is the same as the action of g on the internal state Xo,fc) since this is a ^r-eigenstate with 
the same eigenvalue. The same ‘global’ effect occurs in the heterotic string compactified on 
, and one can then argue that the two orbifold models are equivalent [56]. 


'~pA w c 1 "1 

Now, let us consider the strongly coupled limit of the heterotic string on ^ x S' , 

*JV 

with all the other moduli being fixed. In the type IIA picture, this means that both radii 
R and R of S^ and S^ become infinitesimal, with their ratio being fixed. It is useful to 
consider T-duality both in the S^ and S^ directions, leading again to a compactification of 
a six dimensional type IIA theory along two circles S'^ and S' of very large radii^ 

K = l fl' = T (3.3) 

Notice the non-standard factor N in (3.3): one can check that upon setting n' = k and 
k' = n the action on the Narain left- and right-moving momenta 

1 1 , k nR k nR^ , ry, 

\PL,PR) ^ + =-^{- +n,k€'Z, (3.4) 

is the expected one 

{pl,Pr) -t {p'l^p'r) = {PL, -Pr) , (3.5) 

thus assuring that this is indeed a symmetry of the string theory. As in the previous case, in 
the limit i?' —)• 00 a local observer will see local excitations with vanishing winding tc' = 0 
and spectrum of momenta m! = k'/R'^ k' € Z approaching a continuum. However, the g 
symmetry acts differently in this T-dual picture. Namely, the states with w' = 0 and k' 

^Here and in the following, we set the type IIA string length to 1 
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quanta of momentum are tensored with ^r-invariant states Xk',o iii the 5 ^^-twisted sector of 
the internal K3 model C. Thus, in the large R' limit, the local physics appears as type 
IIA compactified on an internal CFT whose spectrum consists of ^'-invariant twisted and 
untwisted states. But this is simply the orbifold C' of the internal K3 model by g. Since we 
assumed that A = 1, C' is again a consistent JV = (4,4) superconformal theory with central 
charge c = 6 , and can be either a non-linear sigma model on K3 or on a torus T^. As 
we move around the circle by a shift 27tR'/N, a state \w' = 0,m',Xk', 0 ) of momentum 

2Trik' 

m' = k'/R' picks up a phase e ^ . One can think of this transformation as the action on 
Xk ',0 of the quantum symmetry Q: by definition, Q is the symmetry of the internal orbifold 

/ 27Tik^ 

CFT C that multiplies each state in the g -twisted sector by e Jv . Therefore, this model 

f sy C"/! "1 1 

is equivalently described by a type IIA theory compactified on x S' , where C is the 

fl'-orbifold of the original K3 model and the Z^r-symmetry g' = {Q, 6') acts by the quantum 
symmetry Q on C and by a shift by 2ttR'/N along S'^. 


To summarize, we have shown that type IIA on , where C is a non-linear sigma 
model on K3 and Zjv is generated by {S,g), is dual to type IIA on ^ , where C is 
the orbifold of C by o' and Z^v is generated by {5', Q). The duality acts on the type IIA 
axio-dilaton and on the Kahler and complex structure moduli of by a Fricke involution 


5'iia —t 5'nA Tiia— 


1 


A^Tiia 

At the special points in the moduli space where 


CiiA —t - 


1 


NUua 


Tua = i 


■ RuaRiia 


N 


UiiA = i 


■ RllA 


NRua 


(3.6) 


(3.7) 


eq.(3.6) reduces to (3.3). Furthermore, the moduli determining the non-linear sigma model 
C on K3 are mapped to the moduli determining the orbifold model C. A similar T-duality 
was noticed before in [27], where ALE spaces were considered, rather than K3 surfaces. 


If the orbifold theory C' can be interpreted again as a non-linear sigma model on K3, 
then this is dual to a weakly-coupled heterotic string compactified on T^/Zat. Furthermore, 
if g' is in the same 0(6, 22, Z) conjugacy class as g, then this duality relates two points in 
the moduli space of the same heterotic CHL model. Using the standard correspondence 
between type IIA and heterotic moduli, we obtain the following transformations 


Thet 


Thet 


‘S'het 


1 

A'^het 


Uhet 


1 

NU^et ’ 


(3.8) 


We refer to this transformation as (heterotic) Fricke S-duality. 


When C' is not a non-linear sigma model on K3, then the strong coupling dual of the 
heterotic CHL model is a genuinely different theory. More precisely, since, in this case, C 
is necessarily a non-linear sigma model on a torus T^, the S-dual theory is type IIA on 
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rT-i4 V, Q/ 1 ~ 1 

Notice that type IIA on x S' has no dnal heterotic description. It is natnral 

to ask whether there exists any string theory related to this model by an exchange of the 
dilaton and the Kahler modnli S' -H- T. In fact, this is the case, as shown in [29]: the dnal 

‘T'4 w c*/ 1 " 1 11 

theory is again a compactification of type IIA on x S' , where g acts by a shift 

along S'^ as well as by a symmetry of the non-linear sigma model on acting only on the 
right-moving oscillators. The symmetry g" breaks all spacetime snpersymmetries coming 
from right-moving sector of type IIA snperstring, bnt preserves all the left-moving ones, 
thns giving rise to a fonr dimensional AA = 4 theory. Following [29], we call snch a theory 
of (4, 0) type. This shonld be contrasted with the properties of the g' symmetry, which 
breaks half of the spacetime snpersymmetries in both the left- and the right-moving sector; 
therefore, type IIA on x S'^ is of (2, 2) type. 


Invariance of the fonr-dimensional low energy eqnations of motion implies that the 
electric and magnetic charges of the two S-dnal models are related by 






Vnq j 


(3.9) 


Let Ag and A!^ denote the electric and magnetic charges in the dnal theory. By (3.9), 


and dnally 


A'e = A^(l), 

A'™ = Ae(iV) 


(3.10) 

(3.11) 


where L{n) denotes a lattices L with the qnadratic form rescaled by n (i.e., each vector 
is rescaled by \/n). If a theory is self-dnal nnder the Fricke S-dnality, nsing the relation 
Ae = we obtain the 

A*^Ae(iV) (3.12) 


or, eqnivalently. 


A^ - A*^{N) . 


(3.13) 


A lattice L satisfying the condition L = L*{N) is called A^-modnlar. Althongh all integral 
lattices of dimension 2 are Ai-modnlar, for higher dimensional lattices Al-modnlarity is a 
very special property. Thns, the fact that the lattice of magnetic charges Am of a Z^r 
self-dnal CHL model is an integral A^-modnlar lattice is a very non-trivial prediction of 
S-dnality. We will verify this prediction by explicitly compnting the lattices Ag and Am for 
several CHL models. 

When a CHL model is not self-dnal, eqs.(3.10) and (3.11) imply 


A'e = A^(l) K'^ = K{N), (3.14) 

bnt we cannot argne that Ag = Ag and A'm — Ag, and hence Ag and Am need not be 
A^-modnlar in this case. We will verify that, in all cases where C' is a torns model, N- 
modnlarity does not hold. 
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3.2 Self-duality and the Witten index 

From the above discussion, it is clearly important to determine which CHL models are self¬ 
dual under Fricke S-duality. This can be determined simply in terms of the Frame shape 
Ua\N of g, by analyzing the associated Witten index as we now show. 

Let C be a non-linear sigma model on K3 and 5 be a symmetry of C of order N 
preserving the Af = (4,4) superconformal algebra. We will assume that the orbifold of C 
by g' is a consistent CFT C'] in our previous notation, this means that A = 1 and N = N 
(the case A > 1 is treated in appendix A. 3). It follows that the orbifold CFT C' is either 
a non-linear sigma model on K3 or on a four dimensional torus Furthermore, C has a 
symmetry Q of order N (the quantum symmetry) that acts by multiplication by e ^ on 
the g'^-twisted states. 

Let OalTV m(a) G Z, be the cycle shape associated to g. By (2.16), the condition 

that the orbifold is consistent, i.e A = 1, is equivalent to 

^ m(lV/a)a G 24Z . (3.15) 

a|Ar 

The cycle shape determines the eigenvalues of g on the 24 dimensional space Ramond- 
Ramond ground states of C. In this section, we will prove that the cycle shape describing 
the action of Q on the RR ground states of the orbifold theory C' is This 

statement needs a refinement when C' is a torus model; we will be more precise below. 

In general, the topology of the target space of a AA = (4, 4) superconformal field theory 
C with central charge c = 6 can be distinguished by the Witten index^ 


2 ^(r.r) = 


24 if C is a K3 model 
0 if C is a torus model , 


(3.16) 


where q = The Witten index is the specialization to 2 ; = 0 of the elliptic genus 

(j){T,z). By standard arguments, the only non-vanishing contribution to this trace comes 
from the RR ground states, i.e. states with conformal weights (h, h) = (^, ^) = (j, j), so 
that the Witten index is actually a constant and it equals the Euler characteristic of the 
target space. 

If the theory has a symmetry g one can consider a gf-twined version of the Witten index 
(the specialization to z = 0 of the twining elliptic genus (/)g(r, z)) 

:= TxRR{g{-lY+^q^^-iiq^^-ii) , (3.17) 

which is again a constant. In the case we are considering, where C is a K3 model and 

g has cycle shape ^^e twining index Xg is simply the trace of g on its 24- 

dimensional representation (the RR ground states in K3 models have all positive fermion 
number ( —l)'^'*'^), so that 

^ ( 3 - 18 ) 

a|Af k=l 

®Of course, the Witten index can be defined even for theories with a smaller superconformal algebra, in 
particular for M = (2, 2) theories. 
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which is just the dimension of the fixed subspace of g. More generally, for any power we 
have 

'^gj = 'm{u)u , (3.19) 

where the right hand side is the dimension of the fixed subspace of gK Notice that, once 
the twined indices are known for all j = 1,..., A^, using (3.19) one can reconstruct the 
cycle shape of g. 

Similarly, one can consider the twined Witten indices k = associated 

with the action of the quantum symmetry Q on the RR ground states of the orbifold theory 
Using standard orbifold techniques, this index can be computed in terms of the Frame 
shape of g (see appendix A.3) 

= E m{N/n)n . (3.20) 

n\{k,N) 

By specializing to the case k = N, we obtain the Witten index of the orbifold theory C' 

Xp =m{N/n)n . (3.21) 

n\N 

Thus, the condition (3.15) of consistency of the orbifold C implies that the elliptic genus 
of the orbifold theory is a multiple of 24. Now, we see that, if (3.15) is satisfied, then the 
only two possibilities are X^' = 0 for a torus model and X^' = 24 for a K3 model. This can 
be also verified a posteriori for all possible cycle shapes of Conway elements. 

If X^' = 24, then C' is a K3 model, and by comparing this formula with (3.19), we 
conclude that Q must correspond to a cycle shape n In particular, Q has the 

same cycle shape as g if and only if the cycle shape is ‘balanced’ with balancing number 
N, i.e. 

m(a) = m{N/a) . (3.22) 

If (3.22) holds, then (3.15) is automatically satisfied and C is a K3 model. 

When C' is a torus model, i.e. Xp' = 0, the cycle shape OalAf determines the 

eigenvalues of Q(—1)^^^ on the RR ground states. Notice that, in this case, the fermion 
number has to be taken into account, as it acts non-trivially on the RR ground states. 

To summarise, the above analysis shows that there are three possible cases to take into 
account: 


Case 1: If the Frame shape is balanced with balancing number N, i.e. if 


m{N/a) = a , 


(3.23) 


for all a|A^, then 

^ m(A^/a)a = 24 , (3.24) 

a|Af 

the orbifold C is again a K3 model and the quantum symmetry Q has the same 
Frame shape as g. Thus, in this case, the CHL model is self-dual and the lattice 
is A^-modular. 
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Case 2: If the Frame shape is not balanced, but 


'^m{N/a)a = 2A , (3.25) 

a|Af 


then the orbifold C is again a K3 model, but Frame shape Ualn ^m{N/a) q£ quantum 
symmetry Q is different from g. Thus, in this case, S-duality relates two different CHL 
models. In particular, if and are the lattices of magnetic charges in these two 
models, we have the relation 

A*^^AUN). (3.26) 


Case 3: If 


''^^m{N/a)a = 0 , (3.27) 

a|7V 


then the orbifold C' is a torus model. Thus, the CHL model is dual to type IIA on 
(T^ X S')/Zn X S'. 


3.3 Heterotic T-duality 


The analysis of T-duality in the type IIA frame of CHL models can be repeated without 
essential modifications to describe T-duality in the heterotic frame (equivalently, S-duality 
in the type HA frame). Under a change in the moduli 


Thet 


1 

NT^et ’ 


b^het 


1 

A'C/het ’ 


'5het t S'het ; 


(3.28) 


the heterotic CHL model is mapped to another four dimensional AA = 4 string model. 

In analogy with the type HA T-duality, one can argue that the six dimensional decom- 
pactification limit of the T-dual heterotic model is simply the orbifold of heterotic string on 
by the symmetry g G OiT'K'i)- In appendix B, we show that, in all cases, this is simply 
the same heterotic CHL model we started from, possibly at a different point in the moduli 
space. Thus, all CHL models are self-dual under heterotic T-duality. 


3.4 Atkin-Lehner dualities 

The Fricke S-duality S —)• —1/AS can be generalized to dualities acting on the heterotic 
axio-dilaton by Atkin-Lehner involutions. Let e be an exact divisor of N (denoted by e|| A), 
i.e e|A and gcd(e, A/e) = 1. An Atkin-Lehner involution is an element of SL(2,M) of the 
form^ 

We =f I a,b,c,d,e,NGZ, ade^ — Nbc = e, ellA . (3.29) 

Ve \ Ac de I 

Atkin-Lehner involutions are elements of the normalizer of ro(A) within SL(2,M) and they 
have order 2 modulo ro(A), i.e. G To{N). For e = A, one recovers the Fricke involution 

^The normalization factor -L is sometimes omitted in the definition, since it is irrelevant in the action 
of We as a fractional linear transformation on the upper half plane. 
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Wjq = ^ ~o)- focus on a CHL model in the type IIA frame (similar arguments 

extend to the heterotic frame). One can easily verify that, at least in the perturbative limit, 
the model is invariant under the transformation 


^ aeTiiA + b ^ aeUuA + h 

^ jvcTnA +Te ^ »acr+® 


and 


‘S'liA 'S'nA — 5 'iia 


(3.30) 


/ re n/N\ ( re' n' /n\ _l ( de —c\ / re n/N\ ( de —b\ 

/c k J \ J ^ y— ae J y— /c k J y— A^c ae J ’ 


where n,k £ h (respectively, n,k £ X) are the units of winding and momentum along 
(resp., S^). In particular, (3.31) is an automorphism of the lattice of winding-momenta 
and, for each charge in such a lattice, the corresponding left- and right-moving conformal 
weights \{p\ + Pl) and ^(pjj Pr) are invariant under (3.30) and (3.31). We will refer to 
this kind of transformations as a type IIA Atkin-Lehner T-duality. 

Let us consider the limit Tj'j^ —>■ oo, where the dual theory decompactifies to a six 
dimensional model. In this limit, the only states with finite mass are the ones with zero 
winding re', re' around the dual torus S'^ x 5"^. This condition is equivalent to 


n' = c^^k -|- cdk — cdn + d?eh = 0 \ ck = —den 

re' = —acNk + aden — bc^k — bdNh = 0 [dre = c^k 


(3.32) 


By the condition ade^ — Nbc = e in the definition (3.29) it follows that gcd(c, e) = 1 and 
gcd{d, N/e) = 1, so that (3.32) implies 


fc G eZ re G —Z . (3.33) 

e 

Therefore, in the Tj'j^ —)> oo limit, the theory contain only states in the (( 5 r'^/®)'’-twisted sec¬ 
tors, r = 1,..., e and that are invariant under Thus, the model is a compactification 

of type IIA on the orbifold CFT 

C' = C/{g^/^) . (3.34) 

For large but finite T', as a local observer moves around the circle S' by 1/A^-th of a period, 
a state with k' units of momentum picks a phase 


g_ ^^j^{cicNk-\-adek—^hcn-\-bdNn) _ ^^^{adek—^bcn) 


(3.35) 


This phase corresponds to the action of g' := on the states of C = Cl{g^^''), 

where Q is the quantum symmetry acting by a phase on the twisted sectors of the orbifold 
CFT C and g (with slight abuse of notation) is the symmetry of C induced by the symmetry 
g oi C. Notice that Q has order e and g has order N/e in C', so that, by the condition 
ade — —bc= 1, we obtain 


= 5 '+^'" = g 


= gi-“'ie ^ Q _ 


(3.36) 
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Furthermore, since gcd(e, A^/e) = 1, it follows that g' = gQ has order N. We conclude that 
the T-dual theory is type IIA compactihed on the orbifold 

^ ^ 9 = gQ , ( 3 . 37 ) 

and 6' is a shift of order N along S'. For e = N, i.e. the Fricke involution, the induced g 
has order 1 in C = C/{g), so that < 7 ^ = Q is simply the quantum symmetry. 

A cumbersome calculation along the lines of A.3 shows that if g has Frame shape 
then g' has Frame shape 

(3,38) 

a|Af 

This formula reduces to Fricke involution Wjsf. A case by case analysis 

shows that whenever g has a balanced Frame shape (case 1), then C' is a K3 model and g' 
has the same Frame shape as g. Therefore, the CHL model in case 1 are self-dual under all 
Atkin-Lehner involutions. On the contrary, the Atkin-Lehner involutions relate the CHL 
models in case 3 to the ones in case 2, according to the following duality diagrams: 




W2 yV3\ W2 
K3{l^2-^3^6'^) K3{l'^2^3-^6^) 





W2 Ws Wa 



K3(1^2-^5H0^) 4 


Wio 





^3(1-22232402!) r^(l! 3 ! 4262 l 2 - 2 ) 



K3{1^2 



W 3 

W 12 



K3(1^3-^4^6^12^) 


W 3 


K3(l-^2^3-^6^) r4(02-23^6-2') 


W 3 


1^2 


A:3(1-!2-!3363) T‘^(1^2^3-^6-^' 


W 2 


In these diagrams, the notation -A(](([^|^ 0 ”^^“^), with X G {Ar3,T^}, denotes a type IIA 
model on , where is generated by (<5, 17 ) and g has Frame shape HajAf 

Under string-string duality, these Atkin-Lehner involutions are mapped to S-duality 
transformations in the heterotic frame 


'S'het — 


tte5*het T ^ 
NcShet + de 


Chet —t Chgt — 


aeChet + b 
NcUi^et + de 


Thet T^gt — Thet 


(3.39) 
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Each node in the diagrams above admits a heterotic dual (or, more generally, a (4,0) 
dual) and these heterotic (or (4,0)) models are related to one each other by a network of 
Atkin-Lehner S-dualities. 

The Atkin-Lehner S-duality Wg acts on the electric-magnetic charges by 


M . de -b\ (q\ 

\P) \P') \-Nc aej \pj 


(3.40) 


As a consequence, the electric and magnetic lattices Ae, A^ and Ag, A(„ of two CHL models 
related by We must be related as follows 

Ag = spang (^VeAg U C A^ ® M 


and 


/ N \ 

A'^ = spang (^—Ag U \/eAmj C A^ 


(3.41) 

(3.42) 


We have verified these relations in several examples. 

Finally, we note that an analogous Atkin-Lehner involution is expected to act as T- 
duality in the heterotic frame or, equivalently, as S-duality in the type IIA frame. 


4 Lattice of electric-magnetic charges 

The lattice of electric-magnetic charges Agm of a CHL models contains the sublattices Ag 
and Am of purely electric and purely electric charges 

Ae © Am © Agm ■ (“l^'l) 

By convention, purely electric charges are the ones carried by perturbative heterotic states. 
Correspondingly, the electric fields are given by the metric and B-field with one leg along 
the compactified T® and one along the space-time directions, as well as the the ?7(1)^® 
group coming from the spontaneously broken x gauge fields in 10 dimensions. In the 
original unorbifolded model, namely heterotic on T®, one has Ag = Am — T®’^^ and (4.1) is 
simply an equality Agm = Ag®Am- The purely magnetic charges are carried by NS5 branes 
wrapping a 5-dimensional torus within T®, by KK monopoles with asymptotic circle along 
T® and by magnetic monopoles for the heterotic gauge group of rank 16 (in ten dimensions 
Es X Es or 50(32)). 

In a generic CHL model, both Ag and Am are lattices of signature (6,2 + d), d = 
0,..., 20, and they can be thought as embedded in a real space with metric L 

(roughly speaking, L is the metric appearing in the low energy effective action in the kinetic 
and 0-angIe terms for the 0(1) gauge fields; the electric charges then live in a space M®’'^+^ 
that is dual to the space of 0(1) gauge fields; by classical electric-magnetic duality of the 
low energy equations of motion, the magnetic charges live in an isomorphic space). 

Any two elements (Pi, Qi), (P 2 , Q 2 ) £ Agm must satisfy the Dirac quantization condition 

P 1 LQ 2 - P 2 LQ 1 G Z . (4.2) 
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This implies 


Ae © Am C Aem C A* © 


(4.3) 


and 

Ae ^Ka Am C a: , (4.4) 

for the lattices of purely magnetic and purely electric charges (the two inclusion are actually 
equivalent). 

In this section, we will show that for A = 1 we always have an equality 

Am = a: , (4.5) 

which, by (4.3), implies 

Aem ~ Ag © Am = Ag © Ag . (4'6) 

The situation is a little more complicated when A > 1, i.e. when the rotation g within the 
symmetry g = (h, g) does not satisfy the level-matching condition by itself, as will be shown 
in appendix A.4. In this case the natural choice of electric and magnetic charge lattices 
does not yield a Lagrangian decomposition, as in (4.6). Although such a decomposition 
always exists—indeed for any lattice with bilinear form (4.2) there is a choice of maximal 
isotropic sublattices Ag and Am for which (4.6) holds—this is not necessarily the natural 
choice in the heterotic string frame and, most importantly, it might not be the choice where 
the S-duality group and space parity transformation have the standard action. We deal 
with this situation in appendix A. 4. 

4.1 Purely electric charges 

The lattice of electric charges of the CHL model can be most conveniently described in the 
heterotic frame. Let u,u* denote two null vectors generating Tgi, so that 

u ■ u = u* ■ u* = 0 u ■ u* = 1 Tgi = {u, u*) . (4.7) 

We can consider u as representing a unit of winding along and u* as a unit of momentum. 
Let gf be a symmetry of order N of the K3 model in the dual type IIA picture, so that g acts 
by automorphisms of T^^s = and fixes T 51 and T. The symmetry g fixes a sublattice 
r |^3 C of signature (4,4), 0 < 4 < 20. In this section, we assume that both in the 
heterotic and in the type IIA picture, a g'-twisted ground state satishes the level matching 
condition, i.e. A = 1. This means that the shift 5 can be taken to have the same order N 
as the symmetry g, for example 

(5 := u/N , (4.8) 

representing a shift along 5^ of 1 /A^-th of a period. The case A > 1 is considered in appendix 
A.l. 

We can write a basis of perturbative states in the parent (unorbifolded) heterotic string 
picture as a tensor product 


|AA; {p,p,v)) =Af\{p,p,v)) . 


(4.9) 
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where \ {p,p,v)) is a lowest level state with Narain winding-momentum 


G Tgi ©r^i ©r ^3 , (4.10) 

and AA is a combination of left- and right-moving oscillators. The orbifold projection ex¬ 
cludes 20 — d right-moving bosonic oscillators, so that the gauge group of the low energy 
effective held theory is reduced from to and the state \J\f] {p,p,v)) has 

electric charge 

p + p + Ug{v) , (4.11) 

with respect to this reduced gauge group. Here, 

1 ^ 

n3(r;) := — ^5*(^^) G rfca ® , v£Tk3, (4.12) 

i=l 

is the projection of f G T/^s onto the ( 7 -invariant subspace r |^3 © M. Since Tks is self-dual, 
it follows that 

n,(r^3) = (rf,3)*. ( 4 . 13 ) 

For each electric charge vector p+p + Ilg{v), one can hnd a conhguration of oscillators such 
that the corresponding state is ^-invariant. We conclude that the lattice of electric charges 
for the untwisted sector is 

= (T%^yersi®rg, . (4.i4) 

In the ^-twisted sector, before the projection over the ^-invariant states, the possible [/(l)®"’"'^ 
charges form a translate of the lattice (4.14) by (5 = u/N. After projecting onto the g 
invariant subspace, we expect only a subset of these charges to survive, and this subset 
should form a translate of the lattice (4.14), in order to have a consistent OPE between 
untwisted and twisted states. More generally, since the spectrum of the orbifold is generated 
by the OPE of ^-invariant ^-twisted helds, we obtain that the lattice of electric charges is 

'll 

= , forA = l. (4.15) 

We stress that this result is only valid when A = 1, i.e. when the level matching condition 
is satished. 

4.2 Purely magnetic charges 

Let us now determine the lattice of purely magnetic charges. Once again, we will focus 
on the case A = 1, postponing the discussion of the general case to section A. 4. By the 
Dirac quantization condition, the lattice of purely magnetic charges Am must be contained 
in the dual of the lattice (4.15), that is 

Am C A* =rf^ 3 ©(A^n*,n)©rgi , forA = l. (4.16) 

We will now argue that the CHL model contains non-perturbative states whose charges 
generate the lattice A*, so that this inclusion is actually an equality. It is useful to split 
the problem into two parts: we consider separately the states that carry magnetic charges 
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within {Nu*,u) ©T^i and the states that carry charges within The former are related 
to the four ?7(1) gauge fields arising from metric and B-field along x and are dual 
to the winding and momentum along x S^. The latter are related to the remaining 
^(l)4+d gauge group, which survives in the decompactification limit where the volume of 
X 5^ is large and the theory becomes effectively six-dimensional (heterotic string on 
or, equivalently, type IIA on K3). 

Let us start from the latter. In the original unorbifolded theory, the magnetic charges 
under these A + d = 24 ?7(1) gauge fields generate the lattice Txa — After orbifolding 

by the symmetry g = (6, g), only the states invariant under g £ 0 {Tk 3 ) should be included 
in the spectrum (the shift 5 has no effect on this set of charges). The magnetic charges of 
these ^(-invariant states generate a lattice T^^g C A^, which must therefore be contained as 
a sublattice of Am in the CHL model. 

Now, let us consider the four U{1) gauge fields given by the metric and B-field with 
one leg along x and one leg in an uncompactified direction. The associated electric 
charges correspond to momenta m, fh and windings w, w along, respectively, and and 
generate the lattice (^, n*) © T^i. Explicitly, the lattice is spanned by vectors 

(m, m, rc, ©) G Z © Z © —Z © Z , (4-17) 

with standard quadratic form 


{m,m,w,w)‘^ = 2mw + 2mw. (4-18) 

Notice that, in our conventions, both the charges and the moduli are normalized as in the 
original unorbifolded model. Let us denote by M, M, W, W the dual magnetic charges. In 
the unorbifolded theory, one unit of charge M, dual to momentum m along is carried 
by a NS5-brane wrapping x S^. The orbifold projection preserves a configuration of N 
such branes, periodically localized at distance 5 along . Therefore, in the CHL model, M 
is quantized in units of NX. One unit of charge M, dual to the momentum fh along S^, is 
carried by an NS5 brane wrapped along and wrapped once along S'^/Zjv, so that M G Z. 
One unit of charge IT, dual to the winding w along 5^, is carried by a KK monopole with 
asymptotic circle so that IT G Z. Finally, one unit of charge IT is carried in the 

unorbifolded theory by a KK monopole with asymptotic circle This configuration is 
not affected by the symmetry 5 , so it also appears in the CHL model, where it carries the 
same charge. The magnetic charges of these non-perturbative states span a lattice 

(M,M,IK,IT) G AfZ©Z©Z©Z , (M, M, IT, IT)^ = 2MIT + 2MIT , (4.19) 

which is isomorphic to {Nu *, rt) © T^i. 

To summarize, we have identified in the CHL model a set of states whose magnetic 
charges generate a lattice 


{Nu* ,u) 


( 4 . 20 ) 



By (4.16), this is the finest possible lattice compatible with the Dirac quantization condition, 
so that Km = Ag and 

Ag^ = Ag©A^ = ((rf^ 3 )*©(^,n*)©r^i) © , for a = i . 

(4.21) 

For A > 1, the argument showing that Fl^-g C Km goes through without essential 
modifications. However, as explained in appendix A. 4, the analysis of the charges carried 
by NS5-branes and KK monopoles is more subtle in this case. The outcome is that the 
inclusion A^ C A* is strict for A > 1 and, as a consequence, K^m is not simply the direct 
sum of the purely electric and purely magnetic sublattices. 


4.3 Pricke S-duality and A^-modular lattices 

In the previous section, we derived the lattice Ag^ of electric-magnetic charges of a CHL 
model, in the case A = 1. Suppose that the CHL model is in case 1 of section 3, i.e. 
the symmetry g has balanced cycle shape. In this case, the Fricke S-duality connects two 
different points in the moduli space of the same CHL model. In particular, the moduli 
Shet) Thet, Dhet of the dual theories are related as in (3.8) and the electric and magnetic 
charges as in (3.9). This implies that the lattice of magnetic charges Km of a Z^r self-dual 
CHL model is an integral A^-modular lattice 


K*m{N)^Km 


(4.22) 


This prediction can be verified in detail. By (4.15), we have 

A;,(iv) = (^f, 3 )*(^^)©(^,^/]vn*)©^ 5 ,(iv). ( 4 . 23 ) 


The summands {^=,y/Nu*) and r^i(A^) 


are Z^ lattices with quadratic forms, respectively 



(4.24) 


On the other hand, the summands {Nu*,u), F^^i C Km are Z^ lattices with quadratic forms, 
respectively 


0 N 
N 0 


0 1 
1 0 


(4.25) 


Therefore, the lattices {^^,y/Nu*) (Bl'§i{N) and {Nu*,u), F^^i C Km are isomorphic, as 
expected, but the isomorphism requires the exchange of the winding-momentum charges 
related to the circle with the ones related to 5^. This is compatible with the non-trivial 
action of the S-duality transformation (3.8) on the complex structure modulus Hhet- 

A^-modularity of the summands {Nu* ,u), Factually holds for every CHL model (with 
A = 1), independently of the model being self-dual or not. What is peculiar to self-dual 
CHL models is the A^-modularity property of the orthogonal complements 


^sTiN) - rf,3. 


(4.26) 
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We have verified this property directly by deriving the quadratic forms of the lattices 
for all possible Frame shapes of g (see tables 1,2,3 in appendix C). It turns out that the 
lattice is A^-modular if and only if the Frame shape of g is balanced (table 1). This 
conclusion extends to the cases A > 1, as described in section A.4. A highly non-trivial 
example is provided by the Frame shape 1^2®, which corresponds on the type IIA side to 
a symplectic automorphism of order 2 of the K3 manifold (Nikulin involution), and on the 
E% X E% heterotic side to the involution exchanging the two E% factors. In this case, one 
obtains 

r^3 = © E^{-2) , (4.27) 

and 

{T\^y = T^>^®E^{-l/2) . (4.28) 

S-duality, in this case, predicts the existence of an isomorphism 

r^’^(2) © Es{-1) ^ F^’^ © E^{-2) . (4.29) 

This isomorphism can be verified by first checking that the lattices on both sides are in 
the same genus, and then noting that the genus has only one isomorphism class (as follows 
from theorem 1.14.2 of [55]). 

In case 2, S-duality relates pairs of distinct CHL models, related to symmetries g,g' G 
0 (F/f 3 ) of the same order but different Frame shape, and we have (table 3) 

(Ff,3)*(fV)-Ff;3 . (4.30) 

Finally, for case 3, i.e. when the orbifold of the type IIA K3 model by g( is a sigma 
model on T^, one has 

(Ff,3)*(Ar) - (F"’")^' , (4.31) 

where F^’^ is the lattice of even D-brane charges on a non-linear sigma model on and 
g' G 0(F^’^) is a symmetry of this model preserving the (small) M = (4,4) superconformal 
algebra [57] (see table 2 in appendix C). 

5 BPS-state counting 

In this section we shall calculate the 1/2 BPS-indices in arbitrary CHL models, both from 
the type IIA and the heterotic perspective. In AA = 4 string theories the 1/2 BPS-states 
are counted by the index 

H 4 := Tr(-l)^j|, (5.1) 

where E is the spacetime fermion number and J 3 is the Cartan generator of the massive 
little group in four dimensions. Due to the insertion of J| this trace is sensitive only to 1/2 
BPS-states. The 1/4 BPS-states only contribute to the index Hg which has an insertion 
of J 3 . More generally, one can define the n:th index by insertion of J^. By symmetry 
reasons this vanishes for n odd. 

We will calculate certain one-loop topological amplitudes and show that they receive 
contributions precisely from the fourth helicity supertraces, and, furthermore, that they are 
invariant under Fricke S-duality precisely when the CHL models are self-dual. 
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5.1 The type II helicity supertrace 


It is convenient to introduce a generating function, called the helicity string partition func¬ 
tion in [31]: 

Z{v,v) = Tr(-l)^e2™'^3*e2™^3^g^Og^o, (5.2) 

where {v, v) are chemical potentials for the left- and right-moving spacetime helicities 
From the generating function Z{v,v) one can compute the associated helicity 
supertraces Bn can then be computed by taking derivatives of the partition function: 


B 


n 


Id Id 
2'Ki dv 27ri dv 


Z{v,v) 


(5.3) 


The BnS should then be viewed as generating functions of the BPS-indices For type 
IIA compactified on KdxT^, we have 




^2^2 


where we defined 


ii'u)= n 




n\2 


9 -9 ’ 


(1 - q^) 


UL (1 _ g2™gn)(l _ ^-2TTiVqn'^ ’ 


(5.4) 


(5.5) 


and 0p2,2 is the usual Narain theta function of the lattice. The contributions to Z^^^ are 
as follows: 


T’2.rp-rp- 

tions. 


comes from the scalar fields along the two uncompactified transverse direc- 


• C{vl2,vl2) comes from the internal J\f = (4,4) SOFT with central charge (c, c) = 
(6,6) (non-linear sigma model on K3). For b = 0, this is just the elliptic genus of K3. 

• ^ 2 ^ 2 ^ comes from the oscillators and winding-momenta along T^. 

• ^^^[^ 2 ^^ and its complex conjugate come from left- and right-moving fermions along 
the two uncompactified transverse directions and along the torus T^. 

Since ??i(0) = 0, the only non-vanishing contributions to the fourth helicity trace B^ come 
from terms where all four derivatives act on the theta functions. Using 

7?'i(0) = 27rr/3 , ^(0) = 1 , <9(0,0) = 24 (5.6) 


we obtain the following expression for the fourth helicity supertrace: 

4 




^ \ 27ri dv 27ri dv ) 


V 27ri dv 


27ri dv ^ 

0p2,2 


'i;=0 

{v,v) 


v=0 


= |C(0,0)^=36 

^ T2 T2 
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5.2 Helicity supertrace for type IIA CHL models 

Let us now generalize the previous analysis to CHL models in type IIA string theory. We 
are interested in the case where the orbifold group G is cyclic of order N, with generator g 
acting by a shift <5 of a 1/iV period along one of the cycles of and by a symmetry g of 
the K3 sigma model. Then, the generating function obtained from (5.4) by the 

usual orbifold formula 


yllA 

^CHL[§] 


{v,v) 


??i(n/2)^'di(n/2)" 


N 


^ Cgr^gs{v/ 2 ,v/ 2 )er 24 :] , 

I I r,s=l 


(5.7) 


where 

2 2 

0r2.2[^]:= ^ ■ (5.8) 

(pL>Pfl)S)'(5+r2.2 

Here we used the fact that the orbifold group acts only on the winding-momenta along 
and on the internal K3 sigma model. The fourth helicity trace is then evaluated to 


o 1 ^ 

^chl[ 3] ^ ^ C'gr.^gs(O,O)0r2,2 [^] . (5.9) 

2t2 N 1 

r,s=l 

We have 

C,.,,.(0,0) = Tr24(5"'^‘'(^’^’'^)) , (5.10) 

where 24 denotes the 24 dimensional representation of R-R ground states in the K3 sigma 
model. Therefore, if g has Frame shape OalTV obtain 

Tr24(fl''^) = ^m(a)a (5.11) 

a\d 

for all fi|iV. Assembling the pieces we find that the fourth helicity supertrace of the CHL 
model becomes 


„CHL[g] 


3 1 
2r2iV 


N/d 

Er''2i(9'') E ®r2j[£] 


d\N 


r,s=l 

gcd(r,s,7V/d)=l 


3 1 
2T2iV 


N/Id 

ETr24(/)j;/i(0 0r2.2[: 


ldr~\ 

ids I 


d|Af 


If 


r,s=l 


n:=ld 3 1 

2t2N 


E 

n\N 


d\n 


Tr24(/)At(ra, 


N/n 

[: 

‘r,s=l 


nr 

nsj 


3 1 
2t2N 


®r2.2[l 


^|iV d.\r 


a\d 


N/n 


\nrl 

Ins I 


r,s=l 


(5.12) 


(5.13) 


(5.14) 


(5.15) 
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where ^ is the Mobius function. Using the property 


the divisor sum simplihes: 


x\y 


1 if y = 1 , 

0 otherwise , 


^^li{n/d) ^^m{a)a = ^ ^m(o)a^/r(t) = m{n)n 

d\n a\d a\n 


(5.16) 


(5.17) 


so that 


B 


CHL[g] 


— y 

2T2 ^ 

n\N 


m{n) 


N/n 

^ 0r2,2 [: 


nr 
ns I 


(5.18) 


r,s=l 


Finally, we note that, if T, U are the Kahler and complex moduli of in the original 
(unorbifolded) model, then 


N/n 

j Y, 0r2,2 [Z] {T, U) = Qr^ATn/N, Un/N) , (5.19) 

r,s=l 

because the LHS is simply (up to a factor 1 /|t/|'^) the partition function for a bosonic sigma 
model on a torus with moduli (T, U), orbifolded by a shift of order N/n along one of 
the cycles; this orbifold is again a sigma model on T^, with the T and U moduli divided by 
N/n. Notice that, in our conventions the Kahler and complex structure moduli Tha and 
t/iiA of in the CHL model are related to T, U via 

^IIA = ^ UiiA = ^ . (5.20) 

Therefore the hnal result for the helicity supertrace is 

^CHL[g] ^ .^Ym{n)Qi^2,2{nTuA,nUiiA). (5.21) 

2T2 ^ 

n\N 


5.3 Topological amplitudes and Pricke S-duality 

Our aim is now to test the Fricke S-duality in the context of 1/2 BPS-state counting. Recall 
that the fourth helicity supertrace determines the one-loop topological amplitude according 
to the formula: 

Fi = ‘^ Bi . (5.22) 

where T” is a fundamental domain for SL{2,Z)\M. The TuA-dependent part of this ampli¬ 
tude determines the coupling /^2 associated with the i?^-correction term in the low-energy 
effective action. Explicitly the relation between Fi and /^2 is [58] 


^ t „ a / r 2 = dTuA^l ■ 


(5.23) 
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If Fricke S-duality holds, then the associated coupling for CHL models should be 

invariant under Tha ~1/(-^21ia) whenever the model is self-dual. Let us now verify this 
prediction. Let s' G G be determined by the Frame shape 


n« 

a\N 


m(a) 


(5.24) 


Then, using the well-known fact the (renormalized) integral of the theta series is 

dh 

IF 

where the ellipsis denote terms independent of T, we obtain for the CHL models 


f ^0r,,,(r, U) = - log(ImT |r?(r)|") + ... 
Jf '^2 


(5.25) 


^ (Tiia) = -log JJ(^ImrnAah(a7iiA)|'^) = -\og{lmT^^\ \r]giTuA)f) + const, 

a\N 

(5.26) 

where ijg is the eta-product 


a\N 


(5.27) 


Under the Fricke T-duality transformation Tha —^/{NTua), the coupling transforms 
according to 


/^ 2 (-l/(iVrnA)) = -logn(lmrnA-|r?(rnA-)|") 

-‘■-‘■V a a J 

a\N 


iV. ™(a) 


- log (^Im Tiia a\r]{aTiiA) \ 

a\N 

(5.28) 

indeed verifying that the coupling is invariant if and only if the Frame shape of g is balanced 


, m,( —) 

4 \ ^ CL ' 


m{N/a) = m(a) , (5.29) 

which is exactly the condition for the model to be self-dual. 

5.4 The heterotic helicity supertrace 

Let us now analyse the counting of BPS-states from the heterotic perspective. The gener¬ 
ating function of helicity supertraces for heterotic strings on T® is [31] 


Zi \V^V) -|9_94 ^r®’- 




(5.30) 


and the fourth helicity supertrace is^ 


1 d 1 


+ Z-*(r;,D)|.=o = 


27ri dv 27ri dv J 


1 ^het/ . _ 3 ©re,22 


liri dv J 


2t 2 g 


«24 


(5.31) 


®This corrects a typo in eq. (G.9) of [31] which lacks the factor 0p6,22. 
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Let us consider the case where T® is the product of two orthogonal tori T'^ x with 
no Wilson lines along T^. The lattice of winding momenta decomposes accordingly as 


p6,22 ^ p2.2 ^ p4,20 _ ('g 32^ 

A CHL model is given by a orbifold by a symmetry g acting by a 1 /N period shift 5 G r^’^(8)]R 
along one of the circles of and by an automorphism g on the lattice The generating 

function is given by 




,v)= ^2 

T2 

N-l 

A- E 

0r2,2 [^] 

0(as) 

'-^p4,20 

(5.33) 

where 









_ pt 

,20)9® 



(5.34) 

and when (r. 

s) = {Ic, Id), 

with c,d,l G Z and c, d 

coprime, 

, we have 



p^(lc,ld) ( -> 

'^r4,20 W ? ' > 

) = {cT + d)~‘^{cf + d)~ 

10c.(0,0 / 

'--'p4,20 1 

' ar + h 
^CT + d' 

ar -\- 
cf + d) ’ 

(5.35) 


for some integers a,b such that (“^) G S'L(2,Z). In the denominator of (5.33) we also 
defined the generalized eta product which in general takes form [53]: 


24 oo 

Vg,h{^) = n n“ e^qN+^) , gh = hg , (5.36) 

i=l n =0 

where M is the order of h, and the integers 0 < ri,..., r 24 < N and 0 < ti,..., t24 < 
are such that {(e^”^, is the set of simultaneous eigenvalues of g and h. Taking 

derivatives of (u, u) we obtain the fourth helicity supertrace 


„CHL[g] 

'°4,het 


3 1 
2r2 N 


N-l 


[^] 


0 


(r,s) 

r4,20 




(5.37) 


Integrating against the fundamental domain of SL(2,Z) should now yield the het¬ 

erotic topological 1-loop amplitude [59] 

= ( 5 . 38 ) 

which in particular depends on (Jhet,t4iet) but is independent of Shet- Therefore, this 
coupling is 1-loop exact on the heterotic side. If we expand this in the large-volume limit 
ImThet —>• oo and map to the type IIA picture via (f7het ^ t7iiA,7het ^ Sua) we obtain 
the one-loop IIA counterpart of Fi supplemented with an infinite series of exponentially 
suppressed terms of order due to D-instantons. Finally, performing the mirror 

map UiiA -H- Tiia (see [59]) then reproduces precisely the coupling /^^^^^^(Tha) in (5.26). 
Thus, the sequence of dualities just described ensures that the counting of 1/2 BPS-states 
in CHL via the fourth helicity supertrace is indeed consistent with heterotic-type II duality 
and Fricke S-duality. 
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6 Conclusions 


In this paper we have analysed a large class of non-geometric CHL models and showed that 
they exhibit larger symmetries than previously expected. These models are in particular in¬ 
variant under Fricke involution S —)• —l/(iVS') which lies outside of the S'L(2, Z)-symmetry 
of the original unorbifolded model. We showed that this leads to new non-trivial heterotic- 
type II dualities and gives rise to strong constraints on the associated electric and magnetic 
charge lattices. In particular, for self-dual CHL models these lattice are required to be 
Wmodular. We also demonstrated that Fricke S-duality is compatible with the counting of 
1/2 BPS-states by calculating the relevant helicity supertraces and verified the invariance 
of certain BPS-saturated topological couplings. 

As mentioned in the introduction, our results give a physical interpretation of the 
modular properties of the class of Siegel modular forms constructed in [53] in the 
context of Mathieu moonshine. It is therefore natural to speculate about the physical 
interpretation of these Siegel modular forms. It is known that in cases when g is a geometric 
symmetry of the target space the reciprocals 1/^g^h are generating functions of certain 
(twisted) 1/4 BPS-states in CHL models. One can also relate the ^g^h to the generalised 
eta-products via the following limit 

iTo (2,iz)2 = (6. 

Since we have seen in this paper that the generalised eta-products appear in certain topo¬ 
logical one-loop couplings involving the fourth helicity supertraces, it is natural to speculate 
that the ^g^h would similarly appear in some topological couplings involving the sixth he¬ 
licity supertrace 

^CHL[g] .= Trg(_i)i"j6^io^Lo^ (6 2) 

which indeed receives contributions from 1/4 BPS-states. Schematically, this coupling 
should take the form [60] 




log ((det Im I(T, [/, H) 12) , 


(6.3) 


where H is a Wilson line modulus, H = (y is the genus 2 period matrix and Wg^h is 
the weight of the corresponding Siegel modular form. This would generalise the “threshold 
integrals” previously calculated by Sen and collaborators for a class of CHL models [20, 61, 
62]. 

A related observation is the following. It has been conjectured that the negative recip¬ 
rocal of the weight 10 Igusa cusp form <I>io is the generating function for Gromov-Witten 
invariants on K3 x [63-65]. By standard string theory dualities this can be interpreted as 
counting BPS-states in type H string theory on K3xT^. Moreover, since ^e,e is precisely the 
Igusa cusp form it is natural to conjecture that the Siegel modular forms ^-re generating 
functions for Gromov-Witten invariants on the CHL orbifold (iL3 x x S^. It would 

be very interesting to verify this by generalising the original analysis of Katz-Klemm-Vafa 
[63] to our class of CHL models. 


- 35 



The Fricke involutions appear in the context of topological string amplitudes for certain 
families of non-compact Calabi-Yau threefolds. In this setup, the involutions can be inter¬ 
preted as dualities exchanging the expansions of the amplitude at two different cusps in the 
moduli space [ 66 ]. It is tantalizing to conjecture a relationship between this construction 
and the present paper, but the details of this connection are not clear to us. 

As mentioned in the introduction the Fricke involution also plays a role in the context of 
Monstrous moonshine, where some of the McKay-Thompson series Tg{T) exhibit invariance 
under r —?■ —l/(A^r) for N the order of 5 G M. In fact, Tuite has proposed the this “Fricke 
property” holds the key for understanding the elusive genus zero property of monstrous 
moonshine, namely the fact that all McKay-Thompson series are hauptmoduln for the 
modular groups Fg C SL{2,M) under which the rg(r)’s are invariant [67]. In short, the 
argument is that this genus zero property is equivalent to the statement that only for Fricke 
elements (7 G M does the orbifold j {g) of the monster CFT give back the same theory, 
while orbifolding by non-Fricke elements instead yields the Leech lattice CFT. Tuite was 
able to demonstrate this for a large class of elements of the monster. This observation is 
very similar to what we find in the present paper. Namely, it is precisely when the orbifold 
C = Cj {g) of the K3 sigma model C is again a K3-sigma model, that the CHL model is 
self-dual with respect to Fricke S-duality S —)• — 1/(A^S'). Thus, it would be very interesting 
to see if our techniques can be applied to monstrous moonshine, and perhaps shed some 
light on the relation between genus zero and Fricke properties. 
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A Non-geometric CHL models: general case 

In this section, we generalize the analysis of CHL models to the most general case, where 
the level matching condition for a ( 7 -twisted sector is not satisfied. 
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A.l Lattice of purely electric charges 

The calculation lattice of purely electric charges is similar to the A = 1 case. In this case, 
(5 = ^ is a shift of order N = NX. In the untwisted sector, the lattice of electric charges 
before the projection onto g'-invariant states is again 

(rf,3r©(n,n*)©r5i . (A.l) 

However, in this case g acts on a vector with winding-momentum p = nu + ku* € T^i along 
by multiplication by a N-th. root of unity 

g\nu + ku*) = \nu + ku*) , (A.2) 

while the g-eigenvalues on oscillators and winding-momenta along T^s are A-th roots of 
unity. It follows that the g invariant states the units of momenta k along must be 
multiple of A, so that the lattice of electric charges in the untwisted sector is 

A^ = (rf,3)*©(u,Au*)©r^i . (A.3) 

The electric-charges in the g-twisted sector, before the projection over the g-invariant states, 
form a translate of the lattice (A.3) by (5 = u/N. The symmetry g acts by = 

^ 2 mAEg g-twisted ground state, where ^Eg G satisfies (see eq.(2.16)) ^Eg = 

mod for a suitable Sg G Z/AZ coprime to A. Then the g-invariant g-twisted states span 
a set of charges 

Af-twist-d ^ + J^U ^ (^4) 

I\ A 

By taking the OPE of g-invariant g-twisted fields, we obtain the full lattice of purely electric 
charges in the general case 

II 

Ae = (rf, 3 )* 0 (^ - £gu\ Xu*) © . (A.5) 

The Dirac quantization condition requires the lattice A of purely magnetic charges to be 
contained in the dual A* of the purely electric lattice. Based on the experience with the 
A = 1 case, one would naively expect an equality 

It 

Km = K = 0 {NXu*, - + N8gU*) © T^i (naive) . (A.6) 

The argument suggesting that A^ must contain a primitive sublattice r |^3 is still valid 
for A > 1. The inclusion of the summand (AAu*, ^ + NEgU*) © T^i, however, is more 
subtle. String-string duality exchanges NS5-branes wrapping x K3 (or its orbifold) with 
fundamental strings winding 5^. Via this duality, eqs.(A.5) and (A.6) provide the lattice of 
winding and momenta around and for the type IIA fundamental string in the orbifold. 
One can check that this lattice is compatible with an orbifold by a symmetry g = {5, g) 
in the type IIA frame only if the g-twisted sector of the K3 sigma model satisfies the 
level-matching condition. However, the only case where the level-mismatch of an element 
with A > 1 has been computed in the type HA picture (g of Frame shape 2^^) seems to 
contradict this conclusion. This lattice of magnetic charges in this CHL, therefore, cannot 
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be described by (A.6). Furthermore, the non-perturbative type IIA charges seem to break 
the perturbative T-duality. These issues suggest that the naive guess (A.6) might be wrong 
and that the lattice of electric magnetic charges is more complicated in this case. 

The adiabatic argument and the analysis of perturbative states in type IIA model seem 
to suggest that string-string duality and type IIA S-duality should hold also in the case 
A > 1. In section A.4, we will therefore assume that these dualities hold and derive the 
most general form of the lattice Aem compatible with these assumptions. 


A.2 Heterotic S-duality and T-duality 


The properties of the CHL models under the T-dualities in type IIA and heterotic frame, 
described in section 3, generalize to the case where A > 1. The heterotic and type IIA 
frame are very similar and can be treated together. Let us generically denote by C the 
internal CFT in a six dimensional compactihcation of string theory. For heterotic strings 
compactihed on T^, C is a J\f = (4,0) superconformal held theory with central charges 
(c, c) = (6,16). In type IIA compactihed on K3, C denotes a M = (4,4) SOFT with 
central charges (c, c) = (6,6). Let us consider a symmetry g G 0{Tk3) of C, preserving 
the superconformal algebra, such that the level-matching condition for the ^-twisted sector 
is not satished. We dehne the four dimensional CHL model as the orbifold of our string 
theory (heterotic or type IIA) on C x x by a symmetry g = {g,d), where 6 has order 
N = NX. Once again, R and R are the radii of and and, for simplicity, we consider 
a point in the moduli space where the Kahler and the complex moduli of the torus x 
are 


T = i 


RR 

NA 


U = i- 


R 


NXR 


(A.7) 


and there are no Wilson line along 5^ x 5^. 

The left- and right-moving momenta along are quantized as (see appendix A.l) 


{pl,Pr) 


1 /kX — nSg nR kX — nSg 

71V R ^ R 


nR\ 


n,k € Z 


(A.8) 


^ . kX — nSg 

and are tensored with states in the ^’^-twisted sector of C with ^-eigenvalue ^ . In 
the limit i?, i? —)• oo we recover the original six dimensional theory with internal CFT C. 
The T-dual picture is obtained by 


R^ R' 


NX 

li 



(A.9) 


(together with the analogous transformation along 5^), so that 


{pl,Pr) -t {p'l^Pr) = {Pi, -Pr) , (A. 10) 

as appropriate for a T-duality. Since A|24 and {Sg,X) = 1, it follows that Sg = 1 mod A 
for all g, so that k',N are integers, as expected. 

In the limit i?' —)• oo, local excitations satisfy 


n' = kX — n£g = 0 , 


(ATI) 
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so that the limit enforces a projection onto the ^-invariant states. In fact, since £g and 
A are coprime, the condition (A.11) can only be satisfied if n is a multiple of A. Define 
a = 0,..., N /A — 1 and 6 = 0,..., A — 1, such that 

n = aX + bN mod AlA , (A. 12) 


and denote by Tin the g'^-twisted sector of the internal CFT C. Since g has order N on the 
original untwisted theory C, the ^“'^"’'^^-twisted sectors, for a fixed and b = 0,...,A — 1, 
are all isomorphic as vector spaces 

T~^a\ t T~La\+N t . . . y l~La\-\-bN t . . . >■ 1) ■ (A. 13) 

One can think of this isomorphism as being generated by the OPE with the vertex operator 
Vat associated with the unique g'^-twisted ground state, which has conformal dimension 0. 
However, the action of g on the twisted sectors HaX+bN depends on both a and b. To see 
this, first notice that by definition g^^^ acts by ^-twisted sector 

while it acts by g‘^^hL-Lo) Since on T-Li and T-Ln+i the eigenvalues of Lq — Lq take 

value in and since the OPE by Vn maps states of Hi to states of the same spin 

on we obtain that g^~^^{VN) = e Since g has order NX on the twisted 

sectors, it follows that g^{VN) = = Vn and since A divides N we finally get 

27TiEq 

g{VN) = e- — VN- (A. 14) 


Thus, if we denote by Hnig = C) the g'-eigenspace of Hn with ^'-eigenvalue we have 
^aA(<? = C) A... 


2'Kib£g 

T~La\+bN{g = e ^ C) 


2'Kii^X — l')£g 

^aA+Af(A-l)(5 = e S C) 


Therefore, the direct sum of the gf-invariant subspaces of the gf"'-twisted sectors is 


N-l 


AT/A-l A-1 


^ "^ 71(5 — 1 ) — ^ \^'^a\{g — e 


n =0 


27ri£gb 


a =0 6=0 


N/X-1 

0 nax{g^ = l) 


(A.15) 


(A. 16) 


a=0 


The latter space is the spectrum of the orbifold C' of C by the symmetry g^. This is a 
consistent SOFT with the same world-sheet supersymmetry as C; in particular, the level¬ 
matching is satisfied (while the orbifold by g is inconsistent). Thus, the local physics in this 
case is described by type IIA (or heterotic) superstring theory compactified on the internal 
CFT C'. 

As we move along S'^ by a shift of 27:R'/{NX), a state with zero winding n' = 0 

2 -Kik' \ 2 'Kinl\ 

and momentum k = n/A picks up a phase e = e ^ . This is equivalent to a 

symmetry g' of order N in the orbifold CFT C^ acting by e Jv g^a on the ^'“'’'-twisted 
sector {£g^ £ Z/AZ is determined by £g£g^ = 1 mod A). Therefore, the model is actually 
a type IIA (or heterotic) string theory compactified on ^ x S' . 

For type IIA T-duality (i.e., heterotic S-duality), if C' is a K3 model and g' is in the 
same duality class as the original g, the corresponding CHL is self-dual. In fact, one can 
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show (see appendix A. 3) that whenever A > 1, the Frame shape of g is balanced with 
balancing number N and the model is self-dual. 

In the heterotic case, as explained in appendix B, the T-dual theory is the same CHL 
model, possibly at a different point in the moduli space. 

The effect of these dualities on non-perturbative states and the lattice of electric- 
magnetic charges is considerably more complicated for A > 1 and is considered in appendix 

A.4. 


A.3 Witten index of the quantum symmetry 

Let C be a non-linear sigma model on K3, g he a. symmetry preserving the N = (4,4) 
superconformal algebra and let us assume that the orbifold theory C' = Cj^g) is consistent, 
i.e. the twisted sectors satisfy the level-matching condition (A = 1). In this section, we 
compute the twined Witten index of the quantum symmetry Q. By definition of Q, this is 
given by 


N 




t=l 


(A. 17) 


where l-Lgt denotes the space of ^r^-twisted Ramond-Ramond ground states (i.e. with con¬ 
formal weights (j, |)), is its g'-invariant subspace and sdim77^?^ is the superdimension 
(Z 2 -graded by ( —1)^"*“^) of 77^?^ By the standard orbifold construction, sdimH^?^ is given 

by 


sdimT^^?^ 

9 



V=1 


(A. 18) 


where 


:= , (A.19) 

is the 5 f*-twisted g’^-twined Witten index. The index gv is a specialization to z = 0 of 
the twisted twining elliptic genus (pgt gv{T,z). In turn, the twisted-twining elliptic genus 
(j)gt^gv{T, z) can be obtained from the untwisted one (pi g(t,v,N){T, z) by a modular transfor¬ 
mation. By specializing to z = 0, the dependence on r drops and we have simply the 
identity 


■tC 

"^9* ,9” 


■jC 

-L-g(v,t,N) 


(A.20) 
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Using (3.19), we can now prove (3.20): 



N N N N 

E 2'!Tikt ± ^^ ^ ^^ 27Tikt J. ^^ ^ 


N , N 

27rikt ± 
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E 2'Kikt 1 ^^ ^> 

® ^ (/V ^ 

t=l v=lu\{t,v,N) 
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= e N m(n)-^ 5(r; mod 


9'' 

t=l i;=l 


miuju 
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N 


i=l u\(t,N) i'=l 
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E 2'Kikt % ■^ V -v , , V -r 2nikt 

e N \ m[u) = ym[u) ye ^ o(tmod 

t=l u\{t,N) u\N t=l 

N/u 

^ 2'Kikl » ^ ./v 

m{u) 2 ^ e= 2^m(u) —(5(A: mod A^/rt) 

•u|iV l=l u\N ^ 

: m{N/n)n . 

n\{k,N) 


(A.21) 


Finally, let us consider the analysis of the Witten index for case where A > 1. In this 
case, the orbifold of C by 51 is not consistent and A is the smallest power such that 
gives rise to a consistent orbifold. Failure of the level matching condition implies that the 
twining genus 4>g{T, z) is modular up to a phase. This implies that the twining Witten index 
Xg = (j){T,0) must vanish. The same argument applies to g^, for any k with (A, k) ^ X 

X^gk=0 if(A,A:)/A. (A.22) 

As a consequence, a cycle of length a in the cycle shape of g can have non-zero multiplicity 
m(a) 7 ^ 0 only if a is a multiple of A. To show this, consider by absurd that there is some 
cycle of length b such that m{b) 7 ^ 0 and (b, A) < A. Without loss of generality, we can 
assume that b is the smallest such cycle. Then, we have the contradiction 


0 = X^b = um{u) = bm{b) , (A.23) 

u\(b,N) 

where the last equality follows because all ri < 6 with m{u) 7 ^ 0 are multiple of A and 
therefore cannot divide b. 

Let be the cycle shape of g^. Since all cycle lengths in the cycle shape of 

g are multiple of A, we have the relation 


m(a) = Xm{Xa) , 


(A.24) 


which allows us to reconstruct the cycle shape of g when the cycle shape of g^ is known. 
Since the orbifold by g^ is consistent, then (3.15) holds and 


^ 24} 


“I A 


Aa 


(A.25) 
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where 1^' is the Witten index of the orbifold C' = C/{g^). Using (A.24) we have 


N 

y - —m(a) = 


a|f 


Xa 




a|f 


b\N 


SO that 


^ (h\ ^ 

b\N 


(A.27) 


By assumption, (3.15) is not satisfied by g, so that ^ 0, C is a K3 model and 

^ ^ ^ 24 


b\N 


(A.28) 


As explained in appendix A.2, we are interested in a symmetry g' in the orbifold theory C 
that acts by 

e N g^a ^ (A.29) 

on the g''^-invariant gf^“-twisted sector 'Uf'^ax ■ Here, £~^ G Z/AZ is determined by £g^£g = 1 
mod A. Such an element always exist because {£g,X) = 1. Furthermore, g has order A on 


n 


' ' SO that g^^ is well-defined. The standard orbifold formula gives 


N/X N/X 

2-Kiak A 


pt V—^ ZTTiak A. \^ p 

I^ik = > e Jv — \ jy 
s'* IV 


TV ^ 

a=l v=l ^ ^ 

By (A.22), vanishes unless A: is a multiple of A, i.e. 

fj, =0 if (A, 7) / A . 


(A.30) 


(A.31) 


By the same reasoning as for g, we obtain that the cycle shape d' contains 

only cycles with length multiple of A and that the cycle shape n of g'^ is given 

by the analogue of (A.24) 

fh!{a) = Xm!{Xa) . (A.32) 

The twining indices j = 1,..., N/X are given by 


N/X N/X 

Qf 2'Kiaj\ A 
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27viajX A 


, = y e N — 
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22^A(a,i>, 


N/\) 


V=1 


By the same computation as in the A = 1 case, we obtain 




n\{j,N/X) 


N 

An 


n . 


This implies that 


N . 


fh!{n) = rh(-—) , 
An 


(A.33) 


(A.34) 


(A.35) 
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that is 


or, equivalently, 


m'{Xn) = m{N/n) , 

(A.36) 

II 

V 

(A.37) 


a 


A.4 Lattice of electric-magnetic charges 

In this section, we determine the lattice of electric-magnetic charges in a CHL model with 
A > 1 under the assumption that string-string duality and heterotic S-duality (or, equiva¬ 
lently, type IIA T-duality along x S^) hold. As stressed in section (A.l), one expects the 
lattice of purely magnetic charges Am to contain a summand of the form correspond¬ 
ing to the ^-invariant states of the original unorbifolded theory. By (A.5) and by the Dirac 
quantization condition, this is the finest possible lattice of magnetic charges with respect 
to the gauge group associated with the gauge fields descending from the 4 + d six 

dimensional vector multiplets. 

Let us focus on the lattice of electric and magnetic charges with respect to the remaining 
U{1)^ gauge fields, associated with the metric and B-field along x S^. 

As explained in section A.l, the analysis of the spectrum of perturbative heterotic 
string leads to a lattice of purely electric charges of the form 
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m 

e{ 

0 0 10 


02 
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0 l/N\ 0 0 


03 

\^/ 


\0 0 Olyi 


W4/ 


(A.38) 


with standard quadratic form (4.18). Here, Sg/NX mod is the level-mismatch (2.16) 
for a heterotic string in the ^f-twisted sector, where g G ©(Lxa) is the pure rotational part 
of g = {S,g). Without loss of generality, we can assume that £g G Z/AZ and A be coprime; 
since A is always a divisor of 24, this is equivalent to 


gcd(£:g. A) = 1 




= 1 
Cg - 1 


mod A . 


(A.39) 


Similarly, in type IIA, the momenta and winding along the torus and are quantized 
as follows 


( m'^ 
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fh! 

e{ 

0 0 10 


(X‘2 

w' 

0 1/NX 0 0 


Og 

\w') 


\0 0 Ol) 


\a'J 


IS the level-mismatch for a 


/ / / ^ '774 

Ul) ^2) ®3) ^ 


(A.40) 


sigma model on K3. We do not assume, a priori, that £g and A are coprime - we will derive 
this property as a consequence of string-string duality, T-duality and S-duality. 

Let m, fh, w, w, M, M, W, W denote, respectively, momentum around S^, and S^, 
winding around and S^, NS5 brane wrapping and and KK monopole with asymp¬ 
totic circle and in the heterotic string frame. Let us impose the Dirac quantization 
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condition and assume that these charges be compatible with string-string duality and het¬ 
erotic T-duality along x 5^ (corresponding to S-duality in the type IIA frame). We 
find that the most general lattice of electric-magnetic charges satisfying these constraints 
and correctly reproducing the perturbative spectra (A.38) and (A.40) has the following 
structure 

* (jn m w w ^ M M W w'^ G v G 

where ,y is the 8x8 matrix 


(A.41) 
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N,\,£g,£' y 


(X 

-^5 

0 0 

0 


y 

0 \ 

0 

0 

1 0 

0 

0 


0 

0 l/NX 0 0 

0 

0 

0 

-E'g/NX 
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0 

0 1 

0 

0 

-^;/A 
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0 0 

NX 

0 

£gN 
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0 0 

0 

1 

0 

0 

0 

0 

0 0 

0 

0 

1/A 

0 


0 

0 0 

0 

0 

0 

1 / 


(A.42) 


The constraints that we are imposing are not sufficient to fix the parameter y G Z/AZ. 
In order to determine its precise value a more detailed analysis of non-perturbative string 
states is necessary. 

The analogous type IIA lattice of winding, momenta, NS5 branes and KK monopoles 
around and has exactly the same form with Eg and T' exchanged: 

* (m' m' w' w' I M' M' W IT') G \^MNxe'g,£g.yv', v' G Z®| . (A.43) 

The derivation of the matrix (A.42) is an easy but tedious exercise. We will skip the 
details, but just show that, a posteriori, the lattice above is compatible with all expected 
dualities. This can be checked by comparing the BPS mass formulas 

\mU +^+ T{NXUw -w) + S{MU + |y) + ST{NXUW - W)\^ 


= 


(A.44) 


4U2T2S2 

for the heterotic and the type IIA frame. 

The BPS mass formula is invariant under string-string duality acting on the moduli by 

r = S S' = T U' = U , (A.45) 

provided that the lattices (A.41) and (A.43) are identified via the GL(8,Z) transformation 


V V = 


/l 0 0 0 
0 0 0 0 
0 0 10 
0 0 0 0 
0 0 0 -1 
0 10 0 
0 0 0 0 
\0 0 0 0 


0 0 0 0 \ 
0 1 0 


0 0 0 

-10 0 
0 0 0 

0 

0 0 1 

0 0 0 


0 0-S'g 


0 
1 / 


V . 


(A.46) 
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The mass formula is also compatible with heterotic T-duality (type IIA S-duality). In order 
to preserve the spectrum of perturbative heterotic states, the action of T-duality on the 
Kahler and complex moduli of x must be 


T ^ 


1 


N\T 


U ^ - 


1 


N\U 


s. 


(A.47) 


This transformation must be accompanied by an automorphism of the electric magnetic 
lattice such that the mass formula is invariant: 


(£9 

A 

0 

0 

0 

0 

0 

Vo 


l_p2 

^ 0 0 -y 

-To 0 0 0 


0 

0 

0 

0 
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0 


0 1 SgS'g 0 


1 0 


£' 


0 0 -To 
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0 0 
0 0 


0 

A 

0 


0 

y 

A 

0 

1 —C2 

A 

0 


£9 

0 


o\ 

0 

0 

0 

0 

1 

0 

0 / 


(A.48) 


This is a GL{8,Z) transformation, thanks to (A.39). 

The assumptions of string-string duality and heterotic T-duality are sufficient to fix the 
form of the electric-magnetic lattice as a functions of the three parameters Tg,T',y, with 
the constraint T^ = 1 mod A. Let us now impose heterotic S-duality (or, equivalently, type 
IIA T-duality). One can check that, in order to preserve the BPS mass formula, one needs 
to act on the moduli via 


U 


1 


and on the charges by 


T' 

“^9 

0 

0 

0 

0 

A 

0 

0 


£' 

‘^9 

0 

0 

0 

0 

1 


0 

0 

0 

0 

-1 

0 

0 

0 


y 

0 


—f f _i 


0 

-A 

0 


0 

0 

0 

0 

0 


N\\J 


i-g. 

A 

0 

0 

0 

0 

-T' 

0 

0 


S^- 


1 


N\S 


(A.49) 
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A 

0 


T' 


1 - T'^ 
^ ‘^9 

0 

0 

0 

0 

0 

-£' 

‘^9 


(A.50) 


This is a GL(8,Z) transformation if and only if 


£'^ = 1 mod A 


(A.51) 


We conclude that, upon imposing string-string duality, T-duality and S-duality, the level 
mismatch in the y-twisted sector in the heterotic and type IIA frames must be related 


gcd(Tg, A) = 1 




gcd(T' A) = 1 . 


(A.52) 
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The physical interpretation of the lattice (A.42) is not obvious. The form of the upper 
right block in (A.42) suggests that (in the heterotic frame) each unit of NS5 brane wrapping 
(respectively, 5^), must carry Sg units of momentum along (respectively, Sg/NX units 
of momentum along S^). Furthermore (and compatibly with T-duality), each unit of KK 
monopole with asymptotic circle (respectively, S^), carries also Sg units of winding 
along (respectively, Sg/NX units of winding along S^). A similar observation holds in 
the type IIA picture, with Sg replaced by Sg. In general, it is known that, in type IIA, a 
NS5-brane wrapping a non-trivial 4-manifold (such as K3) times a circles 5^, must carry 
also a ‘geometrically induced’ momentum charge along (by a chain of dualities, this is 
related to the Dl-brane charge geometrically induced on a type IIB D5 brane wrapping K3). 

In this case, the four manifold is an asymmetric orbifold of a K3 sigma model (or, in the 
heterotic picture, an asymmetric orbifold of a compactification on T"^), so that the precise 
computation of the induced charges is more complicated. This interpretation suggests that 
the parameter y should vanish. 

Let us now consider the electric and magnetic charges under the full 1/(1)®+'^ gauge 
group. From (A.42), it follows that the sublattice Am of purely magnetic charges is 

Am = r|^3 ® (A^Aw*, w-|-A'AifgU*) © (Am*, M-|-, (A.53) 

where each vector m , u* ,u, u* represent, respectively, one unit of magnetic charges W, M, W, M. 
This is a proper sublattice of the lattice A* thus showing that, as anticipated in section A.l, 
the naive guess (A.6) is incompatible with all expected dualities. As a consequence, the full 
lattice Aem is finer than the direct sum Ae © Am, i-e. that there are dyonic charges that 
cannot be written as sums of purely electric and purely magnetic. The last three columns 
of (A.42) are examples of such charges. The full lattice of electric magnetic charges is given 

by 

Aem = © (bf^s)* © C A^ © A)), , (A.54) 

where b^^g C Am is purely magnetic and its dual (F^^g)* C Ae is purely electric. The 
summand jX4N,\,£g,£'g,y'^^ © Aem is invariant under heterotic S-duality by construction. 
Notice that all g such that A > 1 have balanced Frame shape, with balancing number 
N = NX. Therefore, the corresponding CHL models are self-dual under S-duality and the 
lattice b|^g must be iV-modular 

rfc3 = (r?,3)*(^) • (A-55) 

As announced in section 4.3, this prediction of S-duality can be verified for all possible 
Frame shapes with A > 1 (see table 1 in appendix C). 

B Heterotic T-duality 

In this appendix we show that the orbifold of heterotic strings on by a symmetry 
g G 0(b^’^°), if consistent, is again a compactification of heterotic strings on T^. The 
orbifold projection preserves the left-moving (supersymmetric) sector and projects out 20—d 
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world-sheet currents in the right-moving (bosonic) sector, each one corresponding to a vector 
multiplet in the six dimensional theory. Thus, we have to show that the same number of 
world-sheet currents appear in the twisted sectors or, equivalently, that the six dimensional 
theory has still 24 vector multiplets. Suppose that g has Frame shape n The 

untwisted sector contains 

4: + d = '^^m{a) (B.l) 

a\N 

space-time vector multiplets (we are considering a generic point in the moduli space where 
the gauge symmetry is not enhanced). More precisely, 4 of these vector multiplets come 
from currents in the the left-moving (supersymmetric) side and d := ^(®) ~ 4 from 

currents in the right-moving (bosonic) side. Let us analyse the vector multiplets (or world- 
sheet currents) from the g'-twisted sector. The multiplicity of these currents is the (f 
coefficient in the anti-holomorphic part of the g'-twisted partition function 



det'(l - g) 

m3)Vrf,3 


]Jr?(f/a)-™(“) . 

a|iV 


(B.2) 


The factor /T comes from the modular transformation of the theta series 

of while det^(l — g) = comes from the modular transformation of gi^gir) 

(see (5.36) for the definition of gg,h)- Here, det^(l — g) denotes the product of the non¬ 
zero eigenvalues of 1 — (7 in the 24-dimensional representation. In (B.2), we are assuming 
that, at a generic point in the moduli space, the theta series of (T^g)* provides no purely 
anti-holomorphic contribution. 

Let us first consider the case where the Frame shape is balanced, i.e m{a) = m{N/a). 
In this case, we have 


a»n(a) ^ ]J(Ar/a)»^W = (b.3) 

a\N a|Af a\N 


which implies 

det'(l -g) = . (B.4) 

Furthermore, heterotic S-duality implies that F^^g must be A^-modular, i.e. r|^g = (N) 

and since its rank is X]a|iV "w® obtain 

= • (B-5) 


Therefore, the numerical prefactor in (B.2), which counts the number of i^-twisted ground 
states is simply 1 for balanced Frame shapes. By expanding 


a\N 


— — T 

= g 24 2- 


m{a) 
a.\N a 


nilTTTy 

a\Nn=l 


\m{a) 


= q ^ {1 + rn{N)qN ^ (B. 6 ) 


where we used the identity ~ ~ conclude that the 

g'-twisted sector provides exactly m{N) vector multiplets. Let us focus on the case where 
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N is prime. Then, the N — 1 twisted sectors are all isomorphic to the g'-twisted sector, each 
one providing m{N) vector multiplets. Using (B.l), the total number of vector multiplets 
is 

m(l) + m{N) + {N — l)m{N) = am{a) = 24 , (B.7) 

a|iV 

as expected. Thus, both the holomorphic and anti-holomorphic sectors of the theory coin¬ 
cide with heterotic string, so that the only consistent possibility is that the six dimensional 
(1,1) supergravity theory arises as a compactihcation of heterotic strings on T^. 

If N is not prime, we can decompose the orbifold by g into several steps, where, in 
each step, we orbifold by a symmetry of prime order. For example, if g has order 4, we hrst 
orbifold by which has order 2; g induces a symmetry of order 2 in the orbifold theory 
and we can divide by this symmetry. After each step, we end up with a compactihcation of 
heterotic string on T^, so that the statement must be true also if we orbifold by g directly. 

Let us consider now the case where the Frame shape is not balanced and X]a| 7 V o,m{N/a) = 
0. By the same argument as above, we can restrict ourselves to the case where N is prime. 
Then 

det'(l -g) = , (B.8) 

so that (B.2) becomes 


jym{N)/2 


I(rt3)-/ri 


_L V' rn(a) 

.Q 24 2-^a\N a 


jym{N)/2 


K3\ 


nn 


+ ... 


(B.9) 


There are only three Frame shapes of prime order within case 3, namely 1“®2^®, 1“^3® and 
1“^5® (see table 3 in appendix C), and a case by case analysis shows that, for all such 
shapes 

j\jm{N)/2 

—= m{N) . (B.IO) 

By the same argument as above, we conclude that the orbifold theory must be a compact¬ 
ihcation of heterotic string on T'^. 

It is not necessary to consider the Frame shapes in case 2, since their order N is always 
composite and the nature of the orbifold follows by the properties of the subgroups of Zjv 
of prime order. 

The hnal step in identifying the T-dual theory with a CHL model is to determine the 
Frame shape of the quantum symmetry Q of the orbifold. Once again, it is sufficient to 
consider the case where g has prime order. The previous construction shows that, among 
the eigenvalues of Q, 1 appears with multiplicity m(l) -|- m{N) and each primitive root of 
unity appears with multiplicity m{N). Thus, the Frame shape of Q is which 

is the same as g. We conclude that heterotic T-duality maps each CHL model to itself, 
possibly at a different point in the moduli space. 
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C Symmetries and lattices 


The entries in tables 1, 2, 3 in this appendix correspond to the 42 conjngacy classes of 
the Conway gronp that fix a snblattice of the Leech lattice A of rank at least fonr. Each 
of these classes corresponds to a CHL model. For each class, we provide the order of 
g G 0 (Tk 3 ) C the parameter A determined as in (2.16) (A > 1 denotes a failnre 

of the level matching condition in the g'-twisted sector), the Frame shape of g, and the 
fixed lattice F^^g. Onr notation is as follows: L{n) denotes a lattice L with the qnadratic 
form rescaled by n; Am, Dm, Es denote the root lattices of the corresponding Lie algebras 
and A^, denote their dnals (the weight lattices); L”’™' is an indefinite even nnimodnlar 
lattice of signatnre n, m. For some entries, we simply provide the qnadratic form of the 
lattice rlj. 3 . For certain Frame shapes, there are several isomorphism classes of lattices 
them. This phenomenon is related to the fact that the class of g in 
the Conway gronp does not always determine the 0 {Tk 3 ) class nniqnely - in fact, even 
when the lattice T^^g is nniqne, there might be different 0 {Tk 3 ) classes with the same 
Frame shape, corresponding to the ineqnivalent ways of ‘glning’ r|^g and its orthogonal 
complement ^K 3 ,g to obtain T^a — Note however that, by the resnlts of section 2.4, 

the fnll lattice of electric charges (A.5) (and in particnlar T^’^ © r|j.g) only depends on the 
Frame shape of g, np to isomorphisms. 

Fricke S-dnality implies that the lattices T^g in table 1 mnst be A^A-modnlar {NX) = 

r|^g. The entries of table 2 are gronped into S-dnal pairs, whose corresponding lattices sat¬ 
isfy (r|j.g)*(At) = r|^g. In most cases, these isomorphisms can be verified easily by noticing 
that A 2 is 3-modnlar and D 4 is 2-modnlar. The only non-trivial case, which is described in 
section 4, corresponds to the Frame shape 1®2® in table 1. 

The lattices Tl^g are compnted as follows. The first 8 entries of table 1 are taken from 
[28], with the exception of 1^2^4^, where we provide a simpler (bnt eqnivalent) description. 

In all the other cases, onr starting point is the snblattice A^ of the Leech lattice fixed by the 
corresponding class in Coq. All snch lattices are described in [ 68 ]. From the constrnction in 
[40], it follows that the orthogonal complement Ag of A^ in the Leech lattice is isomorphic 
(np to a sign flip in the qnadratic form) to the orthogonal complement of r|j.g in ri ^3 = 

This fact can be nsed to determine the discriminant qnadratic form of T^^g, and hence its 
genns, starting from A^ (see, for example, [55] for more details). Then, for a given g, the 
possible isomorphism classes of lattices T^g are exactly the classes in this genns. When r|^g 
has signatnre (4,0), the corresponding classes are listed in [69]. When T^^g is indefinite, 
one can show, nsing Theorem 21 and Corollary 22 in Chapter 15 of [70], that there is only 
one class in the genns and we simply constrnct a representative for this class. 
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A2 © ^2(3) 
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422-232426-2422 
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Table 1. Symmetries of K3 models whose Frame shape IlalAf balanced, i.e. m{NX/a) = 

m{a). We report the order N of g, A, and the fixed sublattice F^j-g C F/^a. The corresponding 
CHL models are self-dual and the lattices fVA-modular. The first 18 entries are the classes 

relevant for Mathieu moonshine; the following two classes 2^6^ and 4^8^ are relevant for other 
Umbral groups [71]. 
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A2©Z(6)®2 

12|1 
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Table 2. Symmetries of K3 model whose Frame shape is not balanced and such that the orbifold is a 

K3 model. These symmetries come in pairs g, g' with Frame shapes JlalAr and Hal at 

The corresponding CHL models are dual to each other and the lattices Fl^^g and F^j^g are related by 

(r?;3)*(iVA)-rf,3. 


iV|A 
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^ K3 

(rf, 3 )*(iVA) 

2|1 

I- 82 I 6 

r4,4(2) 

p4,4 
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Table 3. The symmetries of K3 models whose orbifold is a torus. They are characterized by frame 
shape with X)a|Af corresponding CHL models are dual to type IIA 

models on (T^ x S')/In x S'. 
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